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Abstract

Modelling Cholera Transmission with Delayed Bacterial Shedding and

Disinfection Control

Farjana Zaman Urmee

This study focuses on the world dynamics of a cholera model that includes delayed
bacterial shedding and water disinfection. From the method of the next generation
matrix, a basic reproduction number is found that sets a threshold of disease per-
sistence. It is shown that the disease disappears if Ry < 1, which means that the
disease-free equilibrium is globally asymptotically stable. The system is not desta-
bilized by the delay, which leads to periodic oscillations. The numerical simulations
validate the theoretical analysis, which illustrates the importance of delay and disin-

fection in cholera prevention and control.
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infection, stability analysis, Lyapunov function.
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Chapter 1

Introduction

Cholera, a diarrheal disease that can be fatal and is caused by the bacteria Vibrio
cholerae is still a big public health problem around the world, especially in places
where people don’t have access to clean water and sanitation [23]. The disease is
spread mainly by consuming contaminated water or food, and if treatment is not
received, it can result in severe dehydration and high mortality. In many regions
of Africa, Asia, and Latin America, cholera is still common despite improvements
in medical care and public health initiatives [23]. Outbreaks frequently occur after
natural disasters and humanitarian crises [3].

Understanding the dynamics of cholera transmission and analyzing intervention
methods has been made possible in large part by mathematical modelling [2, 24].
Capasso and Paveri-Fontana [3] created the first mathematical model for cholera by

analyzing the cholera outbreak in the Mediterranean region of Europe in 1973. Their



analysis showed how mathematical frameworks may be used to forecast epidemics and
evaluate management strategies. This basis has been built upon by subsequent models
that have included the function of environmental reservoirs, bacterial persistence in
water, and human reactions to epidemics [2, 24].

Cholera modelling focuses significantly on the basic reproduction number Ry,
which predicts the likelihood of an epidemic [19, 25]. The population will eventu-
ally be cholera-free if the disease-free equilibrium remains stable. On the other hand,
the endemic equilibrium will remain stable if the disease continues [4]. Using math-
ematical methods such as bifurcation analysis and Lyapunov functions, the stability
of these equilibria has been thoroughly investigated [1, 19, 21].

Recent research has highlighted the significance of including temporal delays to
account for incubation periods, delayed bacterial shedding, and intervention lags, even
if traditional cholera models have offered insightful information [5, 26]. The global
stability of a cholera model with temporal delays was examined by Wang & Wei [1],
who showed how delays can have a major impact on the disease’s long-term behavior.
A delay differential equation model that included vaccination controls was also created
by Singh et al. [5], demonstrating the importance of prompt action in lowering the
disease burden. According to these studies, delay factors are essential in determining
the course of cholera epidemics and need to be considered in epidemiological models.

The effect of the press on the spread of the disease is another field of cholera

modelling. Public awareness campaigns can change individual behavior and lower



transmission rates, as proposed by Liao and Yang’s [6] cholera model with numerous
delays and media effects [20, 27, 28]. According to their findings, outbreak dynamics
can be greatly impacted by the quick and exact distribution of information. A math-
ematical model for cholera epidemics was also created by Chin and Kimbir [7], who
included public health messages as a control variable.

The function of disinfection techniques in containing cholera outbreaks has gotten
less attention despite these developments. It turns out that one of the best ways to
reduce the number of bacteria in the environment and stop the spread of disease is
to disinfect water [29, 30]. Research has shown that while timely interventions can
stabilize the system, postponing the use of disinfectants can result in uncontrollable
outbreaks [5, 30]. This study adds to earlier ones by including disinfection methods
and time delays. This gives us more understanding of how cholera spreads and how
to stop it.

Chapter 2 covers the mathematical concepts required to understand infectious dis-
ease dynamics, starting with ordinary differential equations and progressing to delay
differential equations. Introduces basic concepts such as existence and uniqueness,
equilibrium points, and linearization techniques, which serve as the theoretical foun-
dation for evaluating time-delayed systems.

Chapter 3 presents a new cholera model that includes both delayed bacterial shed-
ding and disinfection. The four interacting populations that are taken into account by

the model are susceptible persons, infected individuals, the concentration of bacteria



in water, and the concentration of disinfectant. We use non-linear delay differential
equations to develop the system and figure out the basic reproduction number Ry.
We investigate the possibility of endemic and disease-free equilibria and determine
algebraic requirements for their feasibility.

In Chapter 4, we do a detailed stability study on the equilibria under both de-
layed and non-delayed circumstances. Four scenarios are discussed: (i) disease-free
equilibrium without delay, (ii) endemic equilibrium without delay, (iii) disease-free
equilibrium with delay, and (iv) endemic equilibrium with delay. Local stability is ex-
amined in each situation using linearization, eigenvalue methods, the Routh-Hurwitz
criterion, and transcendental characteristic equations when appropriate. We use Lya-
punov functions to show that the disease-free equilibrium is globally asymptotically
stable when the basic reproduction number Ry is less than 1. The analysis demon-
strates how the delay parameter may affect the system’s long-term behavior and
threshold conditions, possibly resulting in endemicity or persistent oscillations.

Chapter 5 provides a computational study of the model using MATLAB simula-
tions. The numerical results support the theoretical findings and indicate the impact
of the delay parameter on infection dynamics. Simulations verify that delays can
cause transient oscillations, slow down convergence to equilibrium, and in some cases,
sustain breakouts even when other factors are under control. The four simulation
situations provide quantitative and visual confirmation of the theoretical results and

match the analytical cases examined in Chapter 4.



Chapter 2

Preliminaries

2.1 Theorems in Dynamical Systems

Differential equations in mathematical Modelling are fundamental for understanding
and forecasting the dynamics of biological systems. Dynamical systems are used
in epidemiology to learn more about how infectious diseases change over time, how
actions impact their distribution, and how a disease can either become endemic or be
eradicated.

This chapter discusses the necessary mathematical framework for understanding
and analyzing the behavior of such systems, starting with ordinary differential equa-
tions (ODEs) and continuing to delay differential equations (DDEs). We provide
definitions, theorems, and examples to introduce the reader to basic theoretical con-

cepts and provide a foundation for the more complex models covered in the following



chapters.
A dynamical system shows how a point in space changes over time. A dynamical

system can be expressed as:

dx(t)
dt

= flx(t),1); w(to) = zo

where z(t) € R” is the state vector at time ¢, and f : R x R — R" is a function that
governs the system’s behavior.
Existence and Uniqueness Theorem: The Picard-Lindel6f Theorem (also known
as the Cauchy-Lipschitz Theorem) is essential for providing the existence and unique-
ness of solutions to differential equations under specified initial conditions.

Theorem (Picard-Lindelof): If f(z,t) is continuous on ¢ and Lipschitz con-
tinuous in x in some neighborhood of (xg,ty), the there exits a unique solution x(t)
defined in some interval around ty. This theorem assures that our system will always
behave the same way, no matter the starting conditions [8].
Equilibrium and stability analysis: An equilibrium point (or steady-state) x* of
a system satisfies:

f(@®) = 0.

We need to linearize the nonlinear system to analyze the behavior near an equilibrium:

Yot == Diae

pri
Here, D f(x*) is the Jacobian matrix evaluated at the equilibrium point, and z = z—z*

is a small perturbation from equilibrium. The eigenvalues of the Jacobian determine



the local stability.

The equilibrium is asymptotically stable if all the eigenvalues have negative real parts.
If at least one eigenvalue has a positive real part, the equilibrium is unstable.

If eigenvalues have zero real parts, higher-order analysis is needed to determine sta-
bility.

Hartman-Grobman Theorem: This theorem justifies the linearization of nonlinear
systems.

Theorem: Let z* be a hyperbolic equilibrium (i.e., all eigenvalues of D f(z*) have
nonzero real parts.) Then the behavior of the nonlinear system near x* is qualitatively
the same as the linearized system.

The theorem states that the local phase portrait of a nonlinear system close to a
hyperbolic equilibrium is topologically equivalent to its linear approximation [9].

Consider two species with populations z(¢) and y(¢) at time ¢, which compete
with each other for resources. We assume that in the absence of either species, the
other would have a logistic population growth as in the prey-predator model. We
assume that their competition affects the rate of decline in each population, which is

proportional to their product xy

dx

pri z(a; — bz — 1y),
d

d—ZtJ = y(ay — by — o).

To find out the equilibrium points we need to set Z—f = 0 and % = 0. From this
we get the conditions, xt =0 or a1 — bjx —c;y =0 and y =0 or as — boy — cox = 0.
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Solving these, we get four critical points:
E, = (0,0) (both species die out),
Ey = ($+,0) (only the second species die out),

E3 = (0,72) (only the first species die out),

__ (aiby—asc; agzbi—ajco : A
By = (Pp=an, p=a2) (both species co-exist).

To analyze the stability, we linearized the system using the Jacobian matrix at each

equilibrium point

of of
Jox 0Oy
J =
99 9g
ox Oy
a1 — 20ix — 1y —C1x
—Coy as — 2byy — cow

Then we have to determine the stability at each equilibrium point. At E; = (0,0),

the Jacobian becomes,

The eigenvalues are Ay = a; and Ay = ay. If both eigenvalues are positive, then we
can say this equilibrium point is an unstable node.

At By = (‘;—11, 0), the Jacobian becomes,

c1a1
T T

0 ay—3m



We get two eigenvalues Ay = —a; and Ay = ay — % If Ay < 0, it will be locally

stable, and if Ay > 0, it will be a saddle point (unstable).

At B3 = (0, 2),
o -2 0
J = )
—gm g,
At = a1 — 22 and Ay = —ay are the eigenvalues of this Jacobian. If A\; < 0, it will be

locally stable, and if A; > 0, it will be a saddle point (unstable).

At the coexistence point E; = (z*,y*) = (‘Zigi:gfs;, ‘;ig;:?;gj), the Jacobian is,

a1 — 2byx* — c1y* —cix*

J:

—coy”* as — 2boy* — cox*

7(b11’*+b2y*)ﬂ:\/(blr*+b2y*)274(b1b270102)2*y*

After solving this we get the eigenvalues \; o = 5

Hence, Ej is unstable if b1by — c1c9 < 0, then the discriminant is positive and greater
than (bix* + byy*)?. Thus, the eigenvalues are real and have a positive sign. On
the other hand, if b1by — cico > 0, then the discriminant is positive and less than
(byx* + byy*)%. Thus, the eigenvalues are real, negative, and unequal or complex with
a negative real part. Thus, the critical point F, is asymptotically stable. Hence,
coexistence is possible if b1by > cico [15].

Consider a Lotka-Voltera Model,

d
d_f = z(60 — 4z — 3y),
dy
= y(42 — 3z — 2y).
o = y(42 =3z — 2y)



At first, we need to set the derivatives equal to zero
x(60 — 4z — 3y) =0,

y(42 — 3z —2y) = 0.

After solving this we get four critical points (0, 0), (0,21), (15,0) and (6, 12). Evaluate

stability using the Jacobian:

of of
Jox 0Oy
J = ,
99 99
ox 0Oy
60 — 8x — 3y —3z

—2y 42 — 6y — 2z

At critical point (0,0)

we get two eigenvalues A\; = 60 and Ay = 42 from this Jacobian matrix. As both
of the eigenvalues have positive real parts, we can say (0,0) is an unstable improper

node.

Similarly, for the second and third critical points (0,21) and (15,0), we get the

eigenvalues \y = —3, Ay = —42 and \; = —60, Ay = —3. For both of the critical

10
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Figure 2.1: Phase plane of Lotka Voltera Model

points, we get negative real parts means that (0,21) and (15,0) both are asymptoti-
cally stable improper nodes.

And for the fourth critical point, we get this equation from the Jacobian matrix,
A2 448\ — 72 = 0. We get \; = —24 + 18y/2 and A\, = —24 — 184/2, where one is
a positive value and the other one is negative. So, we can say (6,12) is an unstable
saddle point.

This phase plane diagram shows three regions. In region I (blue), species 2 sur-
vives as it outcompetes species 1. Species 1 outcompetes species 2 in region II (green),
allowing it to exist alone. The saddle region (red) is a delicate equilibrium close to
the saddle point (6,12), where species dominance is determined by small changes in
initial conditions. The figure shows competitive exclusion, a situation in which living

together is unstable and only one species survives based on the starting populations

11



[15].

Routh-Hurwitz Criterion: The Routh-Hurwitz criterion is a mathematical method
for determining the stability of a linear time-invariant (LTT) system. It examines the
system’s characteristic equation without directly computing its roots. The criterion
assures the stability of the system by establishing the necessary and sufficient condi-
tions for all roots of a polynomial to have negative real parts [13].

It is especially important as determining the roots of higher-order polynomials
can be difficult or complex. Instead, stability can be examined simply and quickly by
looking at the signs and magnitudes of the coefficients that are arranged in a Routh
array.

For first and second-order polynomials, all the coefficients must be positive,
P(x) = cix 4+ ¢ =0, where ¢; >0 for i = 0,1,
P(z) = cex® + c1o + ¢y = 0, where ¢; >0 fori =0,1,2.

For a third-order polynomial, P(x) = e3> + co2? 4+ 1z + ¢co = 0. All the coefficients
must be positive, where ¢; > 0, for 1 = 0,1, 2,3 and cy¢; — c3¢9 > 0.

For a fourth-order polynomial, P(z) = cya® + c323 + cox? + 1z + ¢ = 0. All the
coefficients must be positive, where

(1) ¢ >0,fori=0,1,2,3,

(17)  cac1 — e3¢0 > 0,

(i) c3cac) — cact — iy > 0.
Consider a third-order polynomial, P(z) = x* + 42 + 5z + 2. The coefficients are

12



cg = 1l,co = 4,¢1 = 5,¢9 = 2. Here, all the coefficients are positive ¢; > 0 for
1 =20,1,2,3 means the first condition of Routh-Hurwitz is satisfied.
Now, the second condition is coc; — 3¢ =4 x5 —1x2=20—2=18 > 0. We can

say that the system is stable by Routh-Hurwitz criterion.

2.2 Differential Equations in Modelling and Dis-

ease Dynamics:

Differential equations are often used to model biological processes, such as popula-
tion growth, disease spread, and the evolution of treatments over time. The SIR

(Susceptible-Infected-Recovered) model is a fundamental example in epidemiology:

as

=2~ ST

dt /8 Y
dl

— =051 —~vI
dt /8 77
dR

b |

dt ’77

where S(t) denotes the number of susceptible individuals, (¢) denotes the number of
infected individuals, and R(t) denotes the number of recovered individuals. 5 and ~y
represent the transmission and recovery rates. This model represents the growth of
individuals through various disease states. The basic reproduction number Ry = %

shows how many secondary infections one infected person typically causes. On the

SIR model graph, you can see how a disease spreads over time. Initially, most of

13
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Figure 2.2: SIR Model

the population is susceptible, with a minor percentage infected. The infection rate
increases rapidly, reaches a peak, and then decreases as people recover. Ultimately,
most people recover, a smaller number of individuals stay susceptible, and the disease
dies [12].

The differential equations of the basic HIV model are:

ar

— =A—-dI'- 3T
dt TV,
dl

& BTV — 61

dt /8 V )
av

= =pl— ¢V,

dt p c?

where T'(t) is the concentration of healthy CD4+4 T-cells. I(t) is the concentration
of infected CD4+ T-cells . V/(t) is the concentration of free HIV virions, and the
parameter A is the rate of production of new uninfected T-cells. d is the natural

death rate of an uninfected T-cell. 3 is the rate at which the virus infects T-cells. §
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Figure 2.3: HIV Model

denotes the death rate of infected T-cells. p is the number of new virions produced
per infected cell, and c¢ is the clearance rate of free virus. From the figure, we can
see that at first the virus spreads quickly and infects a lot of T-cells. As a result,
uninfected T-cells decrease while infected T-cells increase. After several days, the
immune system responds, reducing the virus and infected cells. Finally, every value
levels out, indicating a chronic infection in which the virus remains in the body at a

low, steady level [11].

2.3 Delay Differential Equations:

Changes in real-world systems do not always happen instantly. Delays are often
natural, such as incubation periods in infectious conditions or latency in population

reactions. We use delay parameters to capture the incubation period (time between

15



infection and symptoms), delayed bacterial shedding in water (as in cholera), immune
response lag, and reaction time for public health interventions [10]. Ignoring these de-
lays can result in incorrect projections and a simplified interpretation of the dynamics.

Consider the Lotka-Voltera competition system,
(1) = x(8)[2 — ax(t) — by(t — )],

Y (t) = y(®)[2 — cx(t —r) — dy(t)].

We are going to determine the stability of the positive steady state when a = d = 2
and b = ¢ = 1 [10]. We need to set the right-hand sides equal to zero to determine
the positive steady state:

2—azr* —by* =0,

2—cr" —dy* =0.
When a =d=2and b =c=1, we get,

2 -2z —y* =0,

2—2"—2y*=0.

Solving these above two equations we get the steady state (z*,y*) = (3, 3)

*

For linearization let, u(t) = x(t) — z* and v(t) = y(t) — y*.

16



The linearized system becomes,

g\
~
~
S~—
I

z*[—au(t) — bu(t — )],
v'(t) =y [—eult —r) — dvu(t)],

= W) = 3 [-2u(t) (¢~ )],
() = g[—u(t — ) — 20(t)].

Let, exponential solutions u(t) = UeM, v(t) = VeM. Then we get the characteristic

matrix,

2 —Ar
3

|
QO

|

3

A:

2=
3€

ol

We need to find out the determinant of the above matrix.

_4 _2,=Ar
3 A e

det(A— M) = =0,
R S\
= GNP Ge) =0
S (GNP =G
= %1 +A= ige_’\T,
= A= —% + %e’\’"

4 2

/\ = —g + ge_Ar, (21)
4 2

A = —g — §€_>\T. (22)



If the delay r = 0, then we get from (2.1) and (2.2) A = —% and A = —2. As both
roots are real and negative, we can say the equilibrium is locally asymptotically stable

for r = 0.

When r # 0, substitute A\ = iw (purely imaginary root) in (2.1), we get,

. 4+2 —iwr
w=———4 —e€
3 3 ’
. 4+2( . )
w = —— 4+ —(coswr — s wr
3 3 ’
. 2 2 .
W= —— 4+ —CoSwr — —1 S wr.
3 3 3

Separating the real and imaginary parts, we get

real part: % = %cos Wr = coswr = 2,

imaginary part: w = —% sin wr.
Here coswr = 2 has no real solution, since | coswr| < 1 for all real w. The character-
istic equation has no purely imaginary roots, and hence no Hopf bifurcation occurs as

r increases. Also, the roots depend continuously on r. This means the steady state

stays locally asymptotically stable for all » > 0.

2.4 Lyapunov Function

A Lyapunov function is a scalar function V' : R" — R that determines the stability
of an equilibrium point around the origin of a dynamical system. Consider a system

defined as follows:
dx

E:f(x), xr e€R"

18



A continuously differentiable function V() is called a Lyapunov function in a region
D C R” of the origin if it satisfies the following conditions:
1. Positive definiteness: V(0) =0, V(z) >0V x € D — {0}

2. Negative semi-definiteness of the derivative (along trajectories of the system):

V(z) =VV(z).f(x) Vx € D ][16].

A Lyapunov function is like a tool that helps us check if a system will remain constant
and reach a steady state over time. It’s like how energy decreases in a machine due to
friction. The system is stable if this function decreases over time or remains constant.
And we don’t need to solve the entire equation to know this; simply selecting the
correct function is sufficient.

For systems with delay, we apply Lyapunov function that considers the system’s
history [17]. These are particularly helpful in biological models. Hal Smith [10]
explains that if this function continues to decrease and reaches its lowest value in
steady state, the system is globally stable. McCluskey et al. developed a Lyapunov
function for a cholera model with age structure and delay. This showed that the world
situation could stay stable even if recovery was slow [22].

We look at a model of microbial growth with a medium to show how a delay
differential equation can be used in biology. This example is taken from Hal Smith’s
[10] work on dynamical systems with delay. The model represents the interaction of a
microbial population with a nutrient substrate, including a time delay that represents

the lag between nutrient absorption and microbial reproduction. The system is given

19



§'(t) = 1= 5@t) = f(S(1))x(t),
w(t) = e " f(S(t—r))a(t —r) —x(b),

where S(t) represents the substrate concentration at time ¢, z(¢) denotes the micro-

bial population density at time t, » > 0 is the time delay associated with microbial

mS
a+S”

reproduction. The function f(S) for the growth of bacteria is given by f(S5) =
The constants m > 0 and a > 0 indicate the maximum specific growth rate and
half-saturation constant, respectively.

The first equation describes substrate dynamics, with 1 — S(¢) accounting for
intake and decay and f(S(t))z(t) representing substrate consumption by microorgan-
isms. The second equation includes a delay term f(S(t — r)) showing that microbe
development at time ¢ is dependent on the availability of substrate at time ¢ —r. The
exponential term e~ indicates that the effectiveness of delayed growth declines with
increasing delay and substrate consumption rate.

This model is a good example of how delays occur naturally in biological systems
and can have a considerable impact on the system’s dynamics, especially in terms of
stability, oscillations, and extinction thresholds. Figure 2.4 shows the time evaluation
of substrate concentration S(t) and microbial population x(t) based on the delayed
microbial growth model.

At the beginning, the substrate S(t) is entirely accessible, and the microbial pop-
ulation z(t) is at an average level. The microorganisms consume the substrate over

20



Delayed Microbial Growth Model
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Figure 2.4: Delayed Microbial Growth

time, which lowers S(t). But because of the delay r = 2, the microbial population does
not respond quickly to the current substrate supply. Instead, its growth is dependent
on the substrate concentration from a previous period.

The delay causes damped oscillations in both S(¢) and z(t), with each variable
fluctuating before settling in a stable state. The delay creates short-term instability
but not permanent oscillations or instability in this parameter domain. This em-
phasizes the importance of delay in shaping transient dynamics, even if long-term

behavior is consistent [10].
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Chapter 3

Mathematical Modelling

3.1 Mathematical Model

This chapter discusses how a mathematical model was developed and how it can be
used to explain why cholera spreads. The model takes into account several important
factors, including how infections can spread through contaminated water, what hap-
pens when bacteria shed later than expected, and how cleaning can lower the number
of bacteria in water. The compartmental model structure incorporates delay differen-
tial equations to describe the incubation and shedding times, and it represents both

environmental and human aspects. The system of differential equations that governs

22



our model is given by:

% — nH — nS(t) — aA(B()S(),

% — aA(B(#)S(t) — rI(t),

C;_f — uI(t —7) —mB(t) — aD()B(?), (3.1)
‘z_f — 2 I(t) = nR(t),

Cil_l; — BB(t) — ¢D(t) — 0B(t)D(t).

where H = S+ I+ R denotes the total human population, S(t) describes the number
of susceptible humans, I(¢) means the number of infected humans, R(t) defines
the individuals that achieve a permanent immunity after recovery. B(t) denotes the
bacterial concentration of cholera in water, D(t) is the concentration of disinfectant
in the water at time t. Here a is the contact rate with contaminated water, pu defines
the average contribution of each infected person to the aquatic population of Vibrio
cholerae, m represents the net death rate of vibrios, A is the probability of a person
being infected with cholera, r = n+~ where n denotes the natural human birth/death
rate, v means the recovery rate, « represents how strongly the disinfectant impacts
the bacterial decay rate in the water, [ denotes the constant proportionality to the
bacteria concentration, 1 is the natural decay rate of the disinfectant, 6 represents
the amount that is consumed by the bacteria, 7 is the delay parameter that describes
the time between the infected person and when he gives off the pathogenic bacteria

of Vibrio cholerae to the aquatic environment. The nonlinear incidence function is
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represented by

B

AB) = g—o—
oMB) = az— 5

(3.2)

where a denotes the contact rate with contaminated water and K represents the half
saturation rate [1]. When B = K, the chance of getting an illness is half what it
normally is. This form shows that the risk of infection goes up less sharply when
there are a lot of bacteria around.[4][32]

Since the R(t) equation has no connection to any other equation and has no direct
impact on infection or bacteria dynamics, we can consider the following reduced four-

dimensional system

0~ nH —nS(1) — aA(B)S(0),
%%:@MB@»ﬂw—rﬂm

& (3.3)
—r = pl(t = 7) —mB(t) — aD(t)B(1),

62_1; — BB(t) — ¢D(t) — 0B(t)D(t).

This reduced system is easier to analyze and focuses on infection and the environment.

3.2 Equilibrium Points and Basic Reproduction Num-

bers

We examine the system’s equilibrium points to understand long-term behavior. An
equilibrium point is a state where the system remains constant over time, which means
that all of its derivatives are equal to zero.
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We can easily get the disease-free equilibrium (DFE) in a population that is healthy
and free of bacterial contamination Fy = (H,0,0,0), which means the uninfected
individuals stabilize at Ey. For a disease-free equilibrium, we consider the equations

corresponding to the disease-related classes I(t) and B(t).

I B
bl ]
@ ki b
B

E:ul—mB—aDB.

We need to define the new infection and transition terms from these two differential
equations. At DFE S = H and B — 0, the new infection term for [ is %H and the
transition terms are r/ and (ul —mB) respectively.[33] Jacobian of the new infection

in terms of DFE is

0
0 0

and the Jacobian of the transition term is

%(T’]) %(TI)

%(—/M—FmB) %(—ul—kmB)



Now, we get,

aHp  aH
1 Kmr Km
JiJ; =
0 0
The eigenvalues of the above matrix are Ay = 0 and \y = ?(fn £ The basic reproduction

number is given by the spectral radius of this matrix [19]. From these eigenvalues, we

can say the basic reproduction number of this cholera model is

H
Ry = —=°F (3.4)

- Kmr’

The biological meaning of Ry is that it indicates the average amount of secondary
infections that one diseased individual causes in a completely susceptible population.
The square root form means the two-step infection pathway ( humans infect water,
and water infects humans). If Ry < 1, the DFE is locally stable and the infection
will ultimately die out. When Ry < 1, there is a unique disease-free equilibrium
Ey=(H,0,0,0). If Ry > 1, the DFE becomes unstable and the infection may continue,
resulting in an endemic equilibrium. When Ry > 1, besides Ej, there also exists a

unique positive equilibrium given by,

o nH(K + B¥)
nK +nB* + aB*’
I anH B*
r(nK +nB* + aB*)’ (3.5)
. panB*H (1 + 0 B*) .
-~ r(nK 4+ nB* + aB*)(my + m0B* + aSB*)’
pr— BB
Y+ 0B~
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If we compare the equation of B* with C;B*2 4+ CoB* 4+ C5 = 0, we get

0y +\/CE—4C,C,

= 20,
where
Cy = ,uanH<n + a)(mb + ap),
Cy = ’u(mH(mz/z(n +a)+nKaf)+6(n—1),
C3 =19(n—1).
Here n = fl?;:’ and we can write Ry = %% = %

If Ry > 1, i.e. n < 1, then the positive equilibrium E = (S*, I*, B*, D*) exists.
Case I: If n > 1, then C, Cs, C3 > 0; no positive root for B*.

Case II: If n < 1, then C; > 0, C5 might be positive or negative and C3 < 0.

—Ca+4/C2—-4C1C! —Ca—4/C2-4C:C
The two roots of B* are B} = —> 2 2 and —2 2 "2

2C, 2C1

We can verify that Bf — B = —VC%Z{LCICQ > 0, which leads to Bf > Bj. Therefore,
By is the largest root of B*. It follows that BY > 0 and B3 < 0, and we need to reject
the negative root. Therefore, B* = Bj.

By substituting B = B* back to (3.5), we find expressions for S*, I*, B*, and D*.

In terms of the variable B*, the expressions are algebraically complex and involve

quadratic or higher-order equations.
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3.3 Positivity and Boundedness

Under the above initial conditions, all solutions of the system are positive and ulti-
mately bounded in (R; x CT x Ry x R,).

Proof: We divide the proof into two sections: first, we show that the solutions
remain positive, and second, we prove that they are ultimately bounded in (R, X
Ct x Ry x Ry).

(i) Positivity of the Solutions:

The system’s initial conditions S(0) > 0, I(#) > 0, B(0) > 0 and D(0) >
0 for all § € [—7,0] are chosen to ensure that the solutions are nonnegative.

The first equation of the system (3.3) is

as
i nH —nS(t) —aA(B(t))S(t).

If S(t) =0, then %8 = nH > 0. So, S(t) cannot be negative.
The second equation of the system (3.3) is,

dr

= = al(B(£)S(t) — r1(t).

If I(t) = 0, then % = aA(B(t))S(t) > 0. So, I(t) stays nonnegative.
The third equation of the system (3.3) is

Ciz_f — ul(t —7) —mB(t) — aD(t)B(t).

If B(t) =0, then %2 = ;I(t — 7) > 0. So, B(t) cannot become negative.

28



The fourth equation of the system (3.3) is,

% = BB(t) — ¢ D(t) — B(t)D(t).

If D(t) =0, then 22 = BB(t) > 0. So, D(t) remains nonnegative.

Hence, we can say all the model variables S(t), I(t), B(t), D(t) remain positive for
all t > 0.

(ii) Boundedness of the Solutions:

We can rewrite the first equation of (3.3) as,

ds B(t)
- + (n+a—B(t) —i—K) S(t) =nH.

.. . . . . . ft(n+a&)ds
This is a linear ODE with a positive integrating factor e’ B(s)+K )™,

If we multiply the above equation by the integrating factor, we get

ot )iodS | gitrvagtiles (4 o BO Y gy _ filrsartile)is, g
e dt+6 TH_GB(t)—i—K (t)=e nH,

B

¢ s t s B(u
S(t) =e Jo (”+“B(s§+)K)dS {S(O) + / Gfo (n+a3<“(>+)K)duan8} .
0

_B_

75 = 1, we get

Using

t
S(t) S e~ f() (n+a)ds |:S(O> + / ef()s(n+a)duan8:|
0

t
= ¢~ (n+a)t {S(O) + nH/ e(”+“)sd5}
0

H
_ e*(ﬂ‘i’a)t |:S(O) + n_(e(nJra)t . 1):|
n-—+a
— (5(0) _nH ) o—tnray . M
n+a n-—+a
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So, as t — 00, S(t) — g—i < H. The solution satisfies lim sup,_,., S(t) < H, Vt >
0.

We can rewrite the second equation of (3.3) as,

dI B B(t)
a +7l(t) =a——"—

The integrating factor is elords = et If we multiply the above equation by the inte-

grating factor, we get

rt dI rt _rt B<t)
e %-i—e rl(t)=e aB(t)+ S(t)
d B
g D7) B(t)(jr) o 0e”

Using KL_;B < 1land S(t) < H, we get

() < e {1(0) all /O t e”ds} e {1(0) L 1)1.

r

Thus
H H o
I(t) < B e [I(O) - a_} = limsup I(t) < @

r r t—o00

The third equation of (3.3) becomes

% + (m+aD(t))B(t) = ul(t — 7).

m+aD(s))d

Since the integrating factor is elo! *. we have

di (B(t)efg(m-i-aD(s))ds) — [}J(t . 7_)efg(m—‘,—ocD(s))ds7
t
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t
B(t) — e~ Jo (m+aD(s))ds {B(O) + / u[(s N T)ef(f(eraD(u))dudS} .
0

By combining the boundedness of I(t —7) < 2 and D(t) > 0 (ensures exponential

decay), we get
— [Y(m+aD(s))ds aH ! *(m+aD d
B(t) < e JolmtaDe)ds | (o) 4 ;== [ elo(mtaD)dugg
rJo

This implies

aH

lim sup B(t) < M,VtZO.

t—o0 mr

Rewriting the fourth equation of (3.3) becomes

D+ (e + 0BI)D() = B(D)

Y+0B(s))d

The integrating factor is elo! %, so we get

d

d_ (D(t)efg(¢+93(s))ds> _ BB(t)efg(ib-‘rGB(s))ds
t )

t
D(t) = e~ W+ [D<o>+ / BB(s)els 0B
0

Using the boundedness of B(t) < “Z£ e get

. BaHp
limsup D(t) <
m Sup (t) < v

LVt > 0.
Therefore, S(t),I(t), B(t) and D(t) are ultimately bounded in Ry x Ct x R, X Ry.

aHpu

)
mr

|Df <

o {(S’[’B’m € Ry x O x Ry x Ryt |8 < H.1| < 2 1B| < ﬁaHu}.
T

ymr
We ensured that the model is biologically well-posed, and we showed that all solutions
are non-negative and bound over time. This indicates that population compartments
remain non-negative and concentrations do not escalate to infinity.
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Chapter 4

Stability Analysis

Stability analysis is a crucial method in the study of infectious disease dynamics.
It enables us to determine if the population will return to equilibrium after slight
impacts. When it comes to cholera, understanding the conditions under which the
disease persists or resolves can directly impact public health policies.

The local stability of the endemic equilibrium and the disease-free equilibrium
(DFE) under both non-delayed and delayed bacterial shedding scenarios is analyzed

in these sections. This results in four basic cases.



The Jacobian of the system (3.3) is

B*
B*+K

—_n—a

B*
CBTK

—A\T

e

0

aS*K
(B*+K)2

aS*K
(B*+K)2

—-m — aD*

3 — 6D

—aB*

—)— OB*

(4.1)

4.1 The Disease-Free Equilibrium and The Endemic

Equilibrium Without Delay

Case I: The Disease-Free Equilibrium E, = (H,0,0,0) when 7 = 0: In this

scenario, we assume that infected individuals release bacteria into the environment

right away, implying that there is no delay between infection and transmission to

the aquatic reservoir of Vibrio. We analyze the DFE, which represents a state where

everyone is susceptible and there are no infections or contaminated environments.

The Jacobian matrix for 7 = 0 at (H,0,0,0) is

0 - 0
- % 0
w —m 0
0 5 ¢

When the model is linearized around the equilibrium, the infected and bacterial com-

partments’ Jacobian matrix becomes block-diagonal. And we get, \; = —n, Ao = =9
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and the simplified characteristic equation of this matrix J; is

aHp
K

N+ (m 47\ + (mr — ) =0.

If we compare this polynomial equation to 2% + a1z + ag = 0, we get,
a; =m+r and aozmr—‘%’i.
If ag,a; > 0, then all the real roots will be negative.
Here, a; = m + r > 0 as the parameters m and r are positive.
The Routh-Hurwitz conditions say that all coefficients must be positive to ensure all

eigenvalues have negative real parts.

If ag = mr — %ﬂ > 0, then, mr > %E The basic reproduction number Ry, which

is determined in chapter 3, can be used to rewrite this condition: ?(Ijn’; <l=Ry<1.
Therefore, if Ry < 1, then the DFE is locally asymptotically stable and unstable if
Ry > 1 [31]. The result confirms typical epidemiological intuition that a disease dies
out in a completely susceptible population if each infected person causes fewer than
one secondary infection.
The importance of this finding lies in the positive effects of preventative strate-
gies. For instance, lowering bacterial shedding p (improving sanitation), increasing

bacterial death m, or reducing exposure to contaminated water a can bring Ry below

1, guaranteeing that the illness cannot persist in the community.

Case II: The Endemic Equilibrium F = (S* I*, B*, D*) when 7 = 0: When
Ry > 1, all compartments obtain non-zero stable states, indicating a unique endemic
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equilibrium. In this scenario, cholera becomes a permanent part of the population

environment system. The Jacobian matrix for 7 =0 is

B* aS* K
—n—agix 0 - (B*+K)2 0
B* aS*K
RN " BK)? 0
Jii =
0 w  —m—aD* —aB*
0 0 pB—-60D" —Y—-0B*

The determinant of the above Jacobian matrix is,

B* aS*K
—n—agog—A 0 B AR 0
a2 —r—A oS K 0
det(Jii — M) = Bk (BT —0
0 0 —m —aD* — A —aB*
0 0 B—0D"  —p— 0B — A

aB* * * * * )%
= (—n—B*+K—)\)[(—r—A){(m+aD + A% +0B*+ \) + aBB* —adB*D*}

apS* K . apS*K  aB* . B
+ (B*+K)2(¢+HB + )]+ (B*+K)ZB*+K(¢+QB +A)=0
B*
= (n+ B*a+ 7t M+ M{N + A(m + aD* + ¢ + 0B*) + (my + mB* + arp D*
apS*K apS*K  aB* (408" + ) = 0

TOPB) ey g T I R R

( a
= n+

+ ) {A3+/\2(m+r+w+aD*+eB*) + Mr(m + aD* 4+ + 6B%)

+ (myY +0mB* + aypD* + affB*) — (Bilﬂi—*[[é)?} + {r(my + 6mB* + ap D* + afB¥)

aps a5 B B N =0

a m(w + GB*)}} + (B*+ K?B*+ K
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* *

AN D* + 0B* A’
= +X(m+n+r+¢+aD” + +B*+K)+ {(n+B*+K

Jm 41+

+aD* +0B*) +r(m+ aD* + ¢+ 60B*) + (my + OmB* + aypD* + afB")

GMS*K CLB* * * * *
(B*+K)2}+)\ <”+B*+K>{T(m+al) + 1+ 0B") + (my + 0mB* + ayp D
* (l/LS*K . . i} (I/LS*K .
BY) = — =3 B D BY) — ———_ B
+apBB") (B*+K>2}+T(mw+9m + apD* + afB") (B*+K)2(w+9 )
apS*K  aB* aB* . . )
(B*+K)QB*+K] Tt g r(my + ImB™ + ey D" + afB")
apS*K i apS*K aB* )
_ —(B*+K>2(w+03 )} + (B*+K)QB*+K(¢+63 )] = 0.

Comparing this equation to this fourth-degree characteristic polynomial a,A\* +as\®+

asX\? + a1\ + ap = 0 we get,

CL4:1,
—mtntrtgtaD 408 + 22
as=m-+n+r o IR
aQ:(n+B*+K)(m+r+w+aD*+OB*)+T(m+aD*+¢+QB*)
a; = (n+ B K){r(m +aD* + ¢ +60B*) + (my + 0mB* + apD* + afB)
- B D B*) — — B
apS*K  aB*
(B*+ K)?B*+ K’
aB* apS* K
= B* D B*) — — B*
ag (n+B*+K){r(mw+0m + apD* + affB*) (B*+K)2(w+9 )}
apS*K  aB*

B REE R T
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The Routh-Hurwitz criterion for fourth-order polynomials

i)a; >0, for alli=0,1,2,3,4,
ii)asa; — azag > 0,

i) azasa; — aga? — aiag > 0.
The Routh-Hurwitz stability criterion explains what conditions must be satisfied for
the eigenvalues to have negative real parts. These criteria can be proven algebraically
or numerically [1]. When they hold, the endemic equilibrium is locally asymptotically
stable, meaning that the disease remains constant in the population if no changes
are taken. This means that in real-world circumstances where cholera is endemic (for

example, in areas of Sub-Saharan Africa and South Asia), the illness stabilizes until

strong interventions are implemented.

4.2 The Disease-Free Equilibrium and The Endemic

Equilibrium With Delay

Case III: The Disease-Free Equilibrium FE, = (H,0,0,0) when 7 # 0: In
real life, there is a delay between an individual’s infection and the bacterial discharge
into the environment. The biological incubation period or behavioral issues, like a
delay in seeking care or poor sanitation, could be represented by this delay 7. The

A

exponential term e~ in the linearized bacterial equation made the Jacobian matrix
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more complicated:

K
Jiii =
0 pe™™ —m 0
0 0 g =
Here, \y = —n, Ay = —1) and the characteristic polynomial of the matrix J;; becomes
transcendental
H
N+ (m 47\ + (mr — %S_M—) = 0.

Now we will use the method of imaginary roots and separating real and imaginary
parts [17]. Assume, A = iw (purely imaginary root). Substitute A = iw in the

characteristic equation, we get,

CLHIU —iwT
e _

(iw)? +i(m + r)w + (mr —
aH

=  —wti(m+r)w+mr— (coswT —isinwr) =0

= —w?+i(m+r)w +mr — IR coswr + Z_aH,u sinwr = 0. (4.2)
The real part of the equation (4.2) is
— w4 mr— COSWT =
=  (—w+mr)?= (agﬂ cos wT)?
= wh —2wPmr + m*r® = CH cos® wr. (4.3)
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The imaginary part is

H
(m+r)jw+ 2l Sinwr =0
H
= {(m+rw}* = (_aKu sin wr)?
2172,,2
= (m® + 2mr + r*)°w® = a e sin® wr. (4.4)

After adding (4.3) and (4.4) , we have

a2 H2 2
K2

wt — 20Pmr + m*r? + (m? + 2mr +r?)%? = (cos® wT + sin® wT)

27722
= W'+ (m? )+ mPr? — a4 K2M

=0.

Comparing the above equation to the quadratic equation w? + a;w + ag = 0 we get

a; = m? + 1% > 0 as the parameters m and r are positive.

a2 H2H’2 a2 H21u'2
K2 ) K2m2r2

2r72,,2
If ag = m%r? — ¢ gQ“ > 0, then m?r? > <lor, R2<1.

For ag > 0, we get R2 < 1 and the equation has no positive real roots or purely

imaginary roots, ensuring the local stability of the DFE.

Case IV: The Endemic Equilibrium F = (S* I*, B*, D*) when 7 # 0: In this
case, we investigate the endemic equilibrium when a time-based delay is present.
The system dynamics of this case involve both long-term infection and bacteria’s de-
layed contribution to the environment. The linearized system gives a transcendental

characteristic equation containing exponential delay components. The characteristic
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equation of the matrix (4.1) is given by,

__n/_.azﬁﬁi?-—'A O '_(§§i232 O
0B —r— A uS 0
det(J B )\]) _ B*+K (B*+K)? —0
0 pe™ " —m —aD* — ) —aB*

0 0 B—0D*  ——0B* -\

aB* * * *

= (—n-— — N[(=r = N{(m+aD* + \) (¥ + 08" + ) + (afB

B*+ K
* Yk aMSW}( * —-A aMSWI( aB*
—abB*D —_ OB* + A T

+ 0B+ N)e ™ =0

B*
= (n+ B*a+ = N[+ NN+ A(m + aD* + ¢+ 0B") + (my) + omB*
S K S'K _aB
FauD 4 apBY) - TR (s opt e Ty

(B* + K)? (B*+K)* B+ K

+0B* 4+ N)e M =0

aB*

A (AP + N2 D* +6B* "
e TN X+ g+ aD” +0B") + Mr(m +aD

= (n+

apS*K

H O OBT) & (i + OmB + ap D" + afBY) = g

e—)\T}

apS*K

+{r(mp +OmB + ap D" + BB — g

(Y 4 6B*)e 7}

apS*K  aB*
+
(B*+ K)?B*+ K

(¥ +0B"+X)e ™™ =0
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*

B*+ K

aB*
B*+ K

= >\4+>\3<m+n+r+¢+aD*+eB*+ ) (m+

) + X {(n+

+r+¢v+aD*+0B*)+r(m+aD*+ ¢+ 0B) 4+ (my + 0mB* + arpD* + aSB*)

B*+ K

apS*K .

H{r(m+aD* +¢ +6B*) 4+ (my + 6mB*

apS*K

e} + r(my + OmB* + anpD* + afSB*)

apS*K o —Ar
—m(w+93 )6 A +

apS*K  aB* . aB*
B rREE ¢ ||t p gty
apS*K
(B* + K)?

+ 0mB* + ayD* + afB*) — (¥ +6B*)e "}

apS*K  aB*

(B*+K)QB*+K(¢+QB*)6_>\T :O

Expanding this yields a transcendental equation which can be expressed as
Ao()\> + A1<)\)€7)\T = O, (45)
where,

AQ(/\) = (101/\4 + a02)\3 —+ CL03)\2 + a04/\ + aops,
A1<)\) = CLH)\2 + (112)\ -+ ais,

ag =1,

aB*
B*+ K’

age =m+n-+r+¢Y+aD*+ 0B+

B*+ K

oz = (n + )(m + 1+ +aD* +0B*) +r(m + aD* + 1 + 0B*)

+ (myY + 0mB* + aypD* + aSB*),
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aB*
B*+ K

agy = (n+ W(r(m+aD* 4+ +60B*) + (my + 0mB* + apD* + afSB*)}

+ r(my + 0mB* + ap D* + aSBY),

B*+ K
apS*K

(B*+ K)*
apS*K

a1 = _m(n+¢+93 ),

apS* K
a3 = —Nr=——
' (B* + K)?

ags = r(n + )(my + 6mB* + anpD* + afB*),

app = —

(4 + 0B).

We again substitute A = iw (purely imaginary root) in the equation (4.5), and we get
Ap(iw) + A; (iw)e ™™ =0

= Ap(iw) + A;(iw)(coswT —isinwr) =0

= ap (iw)? + ag2(iw)? + agz(iw)? + aps(iw) + aps + (a11(iw)? + a1z(iw) + ar3)(cos wt —
isinwr) =0

3

= agw? —iagpw?® — agzw? +iagw + ags + (—ajw? +iapw +ay3)(coswt —isinwr) = 0.

Separating the real and imaginary parts, we get

a01w4 — CL03(,U2 + ags = (a11w2 — CL13) COSWT — Q19w sin wTt

Agaw® — Gpaw = a1aw coswT — (apw? — ar3) sinwr.

After squaring and adding both equations, we have

(a01w4 — a03w2 + CL05)2 + ((IOQWS — CL()4(.U)2 = (a11w2 — CL13)2 + (CL12C<J)2.

42



Manipulate the above equation into a quadratic polynomial in 6 = w? :

(a0102 — a039 + a05)2 + (0/026\/5 — a04\/5)2 = (a119 — a13)2 + (CL12\/§)2
= (1,01(94 + 93(a82 — 2&01&03) + 92(a33 + 2(1,010,05 — 2&02&04 — a%l)

+ 0(—2ap3a05 + a(2)4 + 2a11013 — afg) + (035 - a%) = 0.

The characteristic polynomial for 6 is P(0) = c40* + c30% + c20? + ¢10 + .

If this polynomial has no positive real roots, then the endemic equilibrium is
locally asymptotically stable for all 7 # 0. If any of the roots are positive, the system
may oscillate or diverge from equilibrium [10]. By extensive numerical experiments,
we find that there is no positive root of the polynomial, indicating that there is no
stability switch when 7 increases [18].

However, if the delay 7 exceeds a certain threshold, a Hopf Bifurcation can oc-
cur, leading to oscillatory solutions. In epidemiological terms, this implies recurrent
outbreaks. According to Singh et al. [5], these oscillations simulate recurrent cholera
outbreaks, where unexpected surges occur due to exposure variations or delays in con-
trol actions. This behavior is consistent with cholera dynamics in areas with irregular
surveillance or changing access to clean water. Even when the average infection rate
and disinfection efforts are proper, delayed interventions might result in reappearance

cycles, which the model detects naturally.
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4.3 Global Stability

Theorem 4.3.1: If Ry < 1, then the disease-free equilibrium FEj of the model is
globally asymptotically stable on T
Proof: Consider the Lyapunov function V : I' — R defined by:

V(S(t), I, B(t), D(t)) = u (S — Hln %) +pli(0)+rB(t)+ K1 D(t) +ru /0 Ii(z)dz,

where, Ky = "3*(1 — Ro) > 0 for Ry <1, and I;(z) = I(t +2) for 2 € [-7,0].
Thus, for Ry < 1,V is positive definite in I' with respect to the disease-free equilibrium
Eq.

Now compute the derivative of V' of the system,

. H\dS dI dB _ dD
V,u<1—§>E+u$+T%+K1E—i—ru([(t)—[(t—T))

=u <1 — g) (nH —nS — aAS) + u(aAS —rI) +r(ul(t —7) — mB — aDB)

+ Ki(BB =YD —0BD) +rul(t) —rul(t — 1)

=u <S ;H) (n(H —9)) — palAS + paAH + pal\S — prl + prl(t — 7) —rmB

—arDB + K B — Ky(YD + 0BD) + prl(t) — purl(t —7)

_ Q)2
= —nu% + paAH + (K18 —rm)B — (arDB + K19 D + K16 BD)
(H - S)? aB rm
= — H —(1— — B — DB+ Ky D
e+ pp K + 5 (1—=Ro)B—rm (arDB + K¢
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(H —S)? aB aHuB

=~ +uB n KH 5 (arDB + Ky D + K10BD)
(H-S)> aHuB K
= — — 1— — DB+ K\YD + K10BD).
np— e ik (arDB + K1¢D + K10BD)

Hence, V. < 0 on I and V' = 0 if and only if S(t) = H and B(t) = D(t) = 0.
Moreover from the third equation of (3.3), I(t) = 0 when B(t) = 0. Hence V < 0 for
all (S,1,B,D) # Eqin I’ whereas V = 0 if and only if (S, I, B, D) = Ey. This implies
that Fy is the largest invariant subset contained in the set F' = {(S,I,B,D) € T":
V= 0}. Thus, by LaSalle’s invariance principle [14], we conclude that Ej is globally
asymptotically stable on I'.

We can see from the figure 4.1 that for different initial conditions, the curve of
I(t), B(t), and D(t) begins above zero and steadily goes down, eventually approaching
zero from above, indicating that the Lyapunov function became constant as the system

stabilized. Since V' < 0, the system will naturally go back to E, over time and

Susceptible Infected
110 15
l It (50,10,10,10) In1 (50,10,10,10)
100 — 1n2(90,5,2,1) In2 (90,5,2,1)
In3 (80,10,5,2) I3 (80,10,5,2)
90 ——In4 (95,8,3,1) 10 In4 (95,8,3,1)
_ ——— In5 (85,12,6,3) ——— In5 (85,12,6,3)
& 80 16 (99,1,0.5,0.2) =] 16 (99,1,0.5,0.2)
70 5
60
50 0 — - !
0 50 100 150 200 0 50 100 150 200
Bacteria Disinfectant
10 10
In1 (50,10,10,10) In1 (50,10,10,10)
8 1n2(90,5,2,1) 8 In2 (90,5,2,1)
I3 (80,10,5,2) I3 (80,10,5,2)
6 —— In4 (95,8,3,1) 6 In4 (95,8,3,1)
_ In5 (85,12,6,3) _ In5 (85,12,6,3)
g 4 In6 (99,1,0.5,0.2) E’ 4 In6 (99,1,0.5,0.2)
2 2
0 0
-2 2
0 50 100 150 200 0 50 100 150 200
Time Time

Figure 4.1: Global Stability of disease-free equilibrium
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approach zero only at the disease-free equilibrium. This confirms global stability as
the infection decreases and the bacterial concentration converges to the disease-free

equilibrium [17].
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Chapter 5

Numerical Simulations

This chapter includes a numerical analysis of the cholera model defined in Chapter 3
and analyzed mathematically in Chapter 4. Our goal is to find out how different values
of the delay parameter 7, which measures the time between infection and bacterial
release, change the basic reproduction number and the way infections spread. The
simulations verify the theoretical results for each case and show how delay affects how
the disease acts in the long run.

Four coupled differential equations are part of the complete model used in the

simulations

% =nH —nS — alA(B)S,

dl

— =alA(B)S —rl,

d‘g (5.1)
i pe "It — 1) —mB — aDB,
dD

— =3B —¢D —0BD.
o —PB-v



This system is simulated for different values of 7 to see how it affects the development

and control of disease.

5.1 Numerical Simulations for the model 3.3:

Simulations were performed using MATLAB for solving the ODE and DDE system
over the interval ¢ € [0, 50]. Biologically feasible parameter values were chosen, and
the initial conditions were picked to show a low bacterial load and infection. Now we
see simulation figures for each of the four cases from Chapter 4. We use the following

parameter values:

H =100,n=0.1,a = 0.05, K = 300,m = 0.33

a=0.05~v=01,8=01,9=010=0.1

Case |: Positive ilibri Case II: Positive ilibrit

S,.,8D
8
S,.,BD
a
8

Figure 5.1:  Disease-free equilibrium  Figure 5.2: Non-disease free equilibrium

without delay without delay
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Case llI: Positive

S$,.,BD
@ @ N
8 3 3

S$,.,BD

Figure 5.3: Disease-free equilibrium with  Figure 5.4: Non-disease free equilibrium

delay with delay

For case-I and case-III, the value of p is 0.1, and for case-II and case-1V, the u = 5.

And we considered (S*, I*, B*, D*) = (50, 10, 10, 10) for non-disease free equilibrium.

5.2 Numerical Simulations for the model 5.1:

To investigate the effects of the delay 7 on disease transmission, we consider a modi-

aHp
kmr

fied basic reproduction number Ry(7) = e~ = Rpe™™ which is an exponentially
decreasing function of 7 and Ry is the no-delay Ry(7) value. In terms of biology, this
delay is the time duration between infection and bacterial release into the environ-
ment. As 7 increases, the probability of infected individuals surviving long enough to
contribute to bacterial contamination decreases, reducing the possibility of constant

transmission.

Simulations were showed for different 7 values, and the corresponding Ry(7) values

49



Long-term effect of 7 on B(t) with updated Rn

50

Bacteria B(t)
IS
&

@
S

Figure 5.5: The effect of 7 on B(t)

were calculated as follows:

For these different delay values, the bacteria concentration B(t) was simulated
over a large time horizon (up to ¢t = 200). The figure displays the temporal evolution
of B(t) for each delay and provides a summary of the findings.

When 7 = 0 and 7 = 2, the modified basic reproduction number Rg(7) > 1
indicates that the disease may remain in the population. In this situation, the bacterial
population reaches a non-zero endemic stable state.

At 7 =5, Ry(7) goes below 1 and the bacteria concentration eventually decreases.

At 7 increases (for example 7 = 10 and 7 = 20), Ry(7) reduces significantly,
causing a faster reduction of B(t) to zero.

These results imply that the time delay 7 is an important factor in preventing
infections. A significantly large delay can force the system towards a disease-free

equilibrium by lowering Ro(7) below the threshold value 1.
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T Ro(T)

0 1.2626
2 1.0338
5 0.7658
10 0.4645
20 0.1709

Table 5.1: For different 7 values the corresponding Ry(7) values

It means that methods that effectively hold off the time between infection and
environmental contamination (for example, early treatment or isolation) may signifi-

cantly decrease the spread of cholera.

. . . . | . . . . I
0 2 4 6 8 10 12 14 16 18 20
7 (Delay)

Figure 5.6: Effect of Delay 7 on Modified Basic Reproduction Number Ry(T)
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Chapter 6

Conclusion and Future Work

The dynamics of cholera transmission have been examined in this thesis using a delay
differential equation model, with a focus on the consequences of delayed bacterial
shedding and the use of disinfection as a control measure. The inspiration came from
real-world observations of cholera outbreaks continuing in areas with poor sanitation,
postponed treatments, and low awareness. Existing models in the literature have
mostly focused on conventional transmission dynamics, sometimes missing the crit-
ical importance of time-based delays and environmental interventions such as water
purification. This work fills that gap by combining delay and disinfection processes
into a single mathematical framework.

Our model builds on the work of Codeco [2], Capasso and Paveri-Fontana [3], and
Mukandavire [4] and extends their concepts by explicitly incorporating a disinfection

compartment as well as a delay in pathogen release. This work is similarly comparable



to Wang and Wei’s [1] delay-based modelling, which showed how delays are crucial
in defining global dynamics even though they don’t always result in oscillations. The
basic reproduction number Ry is an important threshold in our model. If Ry <
1, the disease-free equilibrium is locally and numerically stable, suggesting cholera
extinction. If Ry > 1, the model supports an endemic equilibrium that can become
persistent.

We used the Routh-Hurwitz criterion and transcendental characteristic equations
to look at local stability and then used MATLAB simulations to show how delay
and disinfecting rates affect how long an outbreak lasts or how quickly it goes away.
Although some results support Wang and Wei’s [1] finding that delay by itself might
not cause periodic behavior, our numerical simulations show susceptibility to delay
and temporary oscillations, particularly in situations when disinfection is insufficient
or delayed to respond.

Wang and Wei [1] used Lyapunov functions to show global asymptotic stability.
Our study, on the other hand, focused on local stability and numerical verification
because it was more complicated to include a disinfection term and non-linear satu-
ration. However, our results suggest that structures behave similarly. Stability and
long-term results depend mostly on whether Ry crosses unity and how quickly disin-
fection measures are applied.

We studied and established a cholera model with a one-time delay to show the

time between when a person gets infected and when they start releasing bacteria
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into the environment. However, early on in this project, we thought about a more
general model with two delays, one for bacteria shedding and another for the effect
of disinfection or other reactions.

We had a positivity issue when we tried to use both delays in the model. This
means that some of the answers went negative, which doesn’t make sense for real pop-
ulations. Therefore, to ensure the appropriate operation of the system, we eliminated
one of the delays.

In the future, we intend to return to the two-delay model and thoroughly in-
vestigate it. Our goal is to discover a solution to the positivity problem, either by
modifying the model structure or creating better conditions so that we can maintain
both delays without producing implausible outcomes.

Another interesting aspect of future research is determining whether the delays
produce any changes in stability. We found no stability switches in this project where
the system flips from stable to unstable based on the length of the delay. However, in
more complicated models with two delays, this type of behavior can be observed. We
want to see if different combinations of delays can result in oscillations or outbreaks
that come and go over time.

In addition to making the model more realistic, resolving these issues in the future
may help us better understand how time impacts cholera outbreaks and help us create

more accurate simulations.
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Appendix A

MATLAB Codes

%Case I: mu =0.1 Case II: mu=5
t=linspace(0,50,1000) ;

in1=[50,10,10,10];

H = 100; % Total human population

n=20.1; % Natural removal rate

a = 0.05; % Contact rate

K = 300; % Half-saturation constant

r=0.2; % Recovery rate

mu = 0.1; % Shedding rate

m = 0.33; % Bacteria removal rate

alpha = 0.05; % Disinfectant effect

beta = 0.1; % Bacteria growth from contamination
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Appendix 60

psi = 0.1; % Disinfectant decay rate

theta = 0.1; % Interaction effect

[tt,yyl=ode45(@(t,y) choleraODE(t,y,n,H, a, K, r, mu, m, alpha, beta, psi, theta),t,inl)

figure
plot(tt,yy(:,1),’r-?,’LineWidth’,1.5)
hold on
plot(tt,yy(:,2),’b:’,’LineWidth’,1.5)
hold on

plot (tt,yy(:,3),’g-~’, LineWidth’,1.5)
hold on
plot(tt,yy(:,4),’m-.’,’LineWidth’,1.5)
hold off

xlabel(’t?)

ylabel(’S,I,B,D’)
legend(’S’,’I°,°B’,’D?)

title(’Case I: Positive Equilibrium’)

function dydt=choleraODE(t,y,n,H, a, K, r, mu, m, alpha, beta, psi, theta)

dydt=[n*H - n¥xy(1) - a * (y(3) / (y(3) + K)) * y(1)



Appendix

a * (y(3) / (y(3) + K)) * y(1) - rxy(2)
muxy (2) - m*y(3) - alpha*y(4)*y(3)
beta*y(3) - psi*y(4) - thetaxy(3)*y(4)];

end
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%Case III: mu =0.1 Case IV: mu=5

lags = [2];
tspan = [0 50];

sol = dde23(@choleraDDE, lags, Ghistory, tspan);

figure
plot(sol.x,sol.y(1,:),’r-’,’LineWidth’,1.5)
hold on
plot(sol.x,sol.y(2,:),’b:’,’LineWidth’,1.5)
hold on
plot(sol.x,so0l.y(3,:),’g--’,’LineWidth’,1.5)
hold on
plot(sol.x,sol.y(4,:),’m-.’,’LineWidth’,1.5)
hold off

xlabel(’t’)

ylabel(’S,I,B,D’)

legend(’S’,’I’,’B’,’D’)

title(’Case III: Positive equilibrium’)

function dydt=choleraDDE(t,y,Z)



Appendix

H=100; n=0.1; a=0.05; K=300; r=0.2; mu=20.1;

alpha = 0.05; beta = 0.1; psi = 0.1; theta = 0.1;

ylagl=Z(:,1);

dydt=[n*H - nxy(1) - a * (y(3) / (y(3) + K)) * y(1)
a*x (y(3) / (y(3) + K)) * y(1) - rxy(2)
mu*ylagl(2) - m*xy(3) - alphaxy(4)x*y(3)
betaxy(3) - psixy(4) - thetaxy(3)*y(4)];

end

function s = history(t)
s = [60,10,10,10];

end

m = 0.33;

63



