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Abstract

Effect of Polarization on the Band Structure at a Charged

Domain Wall in Ferroelectric Materials

Maryam Nasir

The interplay between electron charge, spin, and ferroelectric polarization is under-explored
for conducting ferroelectric domain walls (DWs). DWs are interfaces that separate regions
(domains) within a material that have different orientations of spontaneous polarization.
We investigated the electronic band structure of t2, electrons, confined to 90° charged do-
main walls (CDWs) in barium titanate (BaTiOs), a prototypical perovskite ferroelectric.
A key novel aspect of our study is the explicit inclusion of both orbital and spin degrees
of freedom in the Hamiltonian. This leads to an Ising-type spin-orbit coupling (SOC). We
constructed a tight-binding (TB) model for to, electrons that is constrained by symmetries
of the DW, including time-reversal, mirror, and rotational symmetries. First-principles
density functional theory (DFT) calculations were performed to extract the TB parame-
ters. Our findings offer new insights into spin-orbit interactions at ferroelectric domain walls

and open avenues for their potential use in next-generation electronic and spintronic devices.
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Chapter 1

Introduction

1.1 Ferroelectricity

Discovered in 1921, ferroelectric materials are distinguished by their ability to exhibit a
spontaneous electric polarization, a permanent electric dipole moment per unit cell, even
in the absence of an external electric field. This spontaneous polarization arises due to a
structural phase transition that breaks the inversion symmetry of the crystal, and can be
reversed by applying an external electric field. The onset of ferroelectricity in many materi-
als occurs below a critical temperature known as the Curie temperature, T.. Above T, the
crystal structure is typically centrosymmetric (e.g., cubic), and the centers of positive and
negative charges coincide, resulting in no net polarization. In this high-temperature phase,
the material is said to be in a paraelectric state.

As the temperature is reduced below T, the structure undergoes a phase transition to
a lower-symmetry, non-centrosymmetric configuration (e.g., tetragonal or orthorhombic).
This symmetry breaking leads to a relative displacement between cations and anions in the
unit cell, producing a permanent electric dipole moment and giving rise to spontaneous
polarization [2].

The term ferroelectricity is named by analogy to ferromagnetism, despite the fact that
most ferroelectrics do not contain iron. Just as ferromagnetic materials exhibit a spon-
taneous magnetization due to aligned magnetic dipoles, ferroelectrics exhibit spontaneous

polarization due to aligned electric dipoles [3]. The transition from the paraelectric to the
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Figure 1.1: Ti ion displacements (black arrows) and resulting polarization (red arrows) in
different structural phases of BaTiOs. Phase transitions involve symmetry breaking and
lead to ferroelectricity. Adapted with permission from [1].

ferroelectric phase can be described using a Landau-type free energy expansion near the

Curie temperature,
— 1 2 1 4 1 6 - =
F(P)=Fy+ ia(T —T.) P+ ZBP + éfyP — E.P, (1.1)

where P is the polarization, T is the temperature, E is the applied electric field, and «,
B, and ~y are material-dependent coefficients. Below T, the free energy develops a double-
well structure, resulting in two stable states with non-zero polarization, corresponding to
opposite polarization directions. These states are switchable under an external field, which
is the hallmark of ferroelectric behaviour.

A typical feature of ferroelectrics is their polarization-electric field hysteresis, which reflects
the switching of polarization under a varying external electric field. This behaviour is

crucial for applications in non-volatile memory devices, actuators, sensors, and tunable



capacitors [4-7].

1.1.1 Ferroelectric Materials

Ferroelectricity is found in many perovskite oxides. A perovskite is characterized by the
general formula ABO3 where A and B are positively charged cations and O are oxygen ions
(in an octahedral formation). Some well known perovskites are barium titanate (BaTiOs3),
lead zirconate titanate Pb(Zr,Ti)O3 [8], strontium titanate (SrTiOg3) [9] and bismuth ferrite
(BiFeOg) [10]. The discovery of ferroelectricity in BaTiOg in 1946 was a key breakthrough
that paved the way for the practical use of ferroelectric materials [11]. In the BaTiOj
structure, Ba?T ions occupy the A-sites, Ti*T ions reside at the B-sites, and O%~ ions form
an octahedral coordination around the B-site cation as shown in Fig. 1.2. BaTiOgs pos-
sesses a high dielectric permittivity, strong piezoelectric response, and good ferroelectric
fatigue resistance, making it highly suitable for various device applications. It plays a criti-
cal role in multilayer ceramic capacitors, non-volatile ferroelectric random-access memories
(FeRAM), piezoelectric sensors, and electro-optic devices [3,12,13]. BaTiOg is one of the
most extensively studied and widely used ferroelectric materials, serving as a prototype for
understanding perovskite oxides. BaTiO3 offers several advantages, (1) it naturally adopts
a tetragonal ferroelectric phase at room temperature, (2) it exhibits a relatively high spon-
taneous polarization of 20-25 uC/cm?, and (3) it shows excellent thermal stability and
can be easily tailored for specific applications through chemical doping or atomic substi-
tution [4]. Its strong ferroelectric behavior primarily originates from the Ti** ions, whose
empty d orbitals play a crucial role in enabling off-center displacements that break inversion
symmetry [2]. The crystal structure of the perovskite BaTiO3 undergoes a series of phase
transitions with decreasing temperature as shown in Fig. 1.1. It changes from the cubic
phase to the tetragonal phase at 393 K, then to the orthorhombic phase at 273 K, and
finally to the rhombohedral phase at 183 K. The cubic phase is paraelectric, whereas the
tetragonal, orthorhombic, and rhombohedral phases are ferroelectric [14]. Each transition
involves a distortion of the TiOg octahedra and a shift of the Ti*t ion from the center, lead-
ing to spontaneous polarization along specific crystallographic directions. These structural

changes are pivotal to the material’s ferroelectric behavior [15,16].
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Figure 1.2: Perovskite Bairum Titanate

1.2 Domain Walls in Ferroelectrics

In ferroelectric materials, regions of uniform polarization orientation, known as domains,
are separated by narrow transition regions called domain walls. Domain walls represent
nanoscale interfaces where the direction of spontaneous polarization changes abruptly, often
giving rise to rich electrostatic and electronic behavior. Fig. 1.3 illustrates the formation
of 180° domain walls between regions of different polarization orientation. A 180° domain
wall is the boundary between two ferroelectric domains where the polarization points in

exactly opposite directions.

U i

/ N
/

Domain Domain Wall

Figure 1.3: Schematic representation of polarization domains and domain walls in a ferro-
electric crystal. The arrows represent polarization vectors.

The thickness of these walls depends on the domain wall type and phase of the material.
Studies combining high-resolution electron microscopy and theoretical modeling indicate
that 90° domain walls in tetragonal BaTiO3 are extremely narrow. A 90° domain wall in a

ferroelectric is the boundary between two domains where the spontaneous polarization vec-



tors are perpendicular to each other. For example, Atomic Image Processing measurements
report wall widths of approximately 30 A [1], while electron holography measurements using
transmission electron microscopy have specifically determined 90° domain walls in tetrago-
nal BaTiO3 to be 15-25 A [17].

The change in polarization across a domain wall may lead to a variation in the normal

component of polarization. This gives rise to a bound surface charge density, defined as

Ub:ﬁl'ﬁ—ﬁg-ﬁ, (1.2)

where ﬁl and ﬁg are the polarization vectors on either side of the wall and 7 is the unit
normal vector to the wall pointing into region 2. If o3, # 0, the domain wall is said to be
charged; if o, = 0, it is neutral.

Charged domain walls (CDW) result in the formation of an internal depolarizing field Ej,

which contributes to the electrostatic energy of the system,
1 N
U= 50/ |E|* d3r. (1.3)
2 Jv

where U is the total electrostatic energy, €¢ is the vacuum permittivity, E is the electric field
(specifically the depolarizing field Ed), and V is the volume of the ferroelectric material.
This relation implies that a strong depolarizing field increases the internal energy of the
material, making the CDW energetically unstable unless the bound charges are compen-
sated.

This behavior is further illustrated in Fig. 1.4, which shows a typical head-to-head charged
configuration, where opposing domains lead to the accumulation of surface charge and the
formation of a depolarizing field. This situation can be understood in simpler terms by
drawing an analogy with a capacitor. Just as excess charges on a capacitor’s plates gener-
ate an internal electric field and store energy, bound charges at a domain wall also come at
an energy cost. When two adjacent domains have opposite polarization, they can partially
cancel the depolarizing fields, leading to lower overall electrostatic energy.

Fig. 1.5 illustrates several types of domain walls based on the orientation of polariza-
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Figure 1.4: Illustration of a charged domain wall showing polarization vectors, bound surface
charges, and the resulting depolarizing field E,.

tion. In neutral 180° walls [Fig. 1.5(a)], the polarization vectors on either side are exactly
opposite but lie parallel to the domain wall plane. Since there is no normal component
of polarization across the wall, no bound charge appears. In head-to-head configurations
[Fig. 1.5(b)], the polarization vectors point toward the domain wall from both sides. This
causes a buildup of positive bound charge at the wall. In contrast, tail-to-tail configurations
[Fig. 1.5(c)] feature polarization vectors pointing away from the wall, resulting in a negative
bound charge at the interface. Figure 1.5(d) shows a charged 90° head-to-head domain wall,
where the polarization vectors in adjacent domains are perpendicular to each other.

These CDWs are energetically unfavorable unless the bound charges are screened. Re-

| | |=c—
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Figure 1.5: Different types of domain walls: (a) 180° (or Kittel) domains with a neutral
domain wall (orange line). (b)180° head-to-head configuration, (c)180° tail-to-tail configu-
ration, (d)90° head-to-head configuration.



cent studies have proposed multiple mechanisms for supplying mobile carriers that stabilize
CDWs in ferroelectrics. One route involves promoting electrons across the bandgap; how-
ever, as demonstrated in perovskite systems, the carrier concentration required to neutral-
ize bound charges at the wall often exceeds the levels achievable through intrinsic excita-
tion alone [18]. Another widely accepted approach involves chemical doping—introducing
ionized impurities that donate electrons to the conduction band while forming positively
charged ions. These can accumulate at oppositely charged walls, providing localized screen-
ing. Such a mechanism is believed to play a role in stabilizing CDWs in bulk BaTiO3 [19].
Notably, positively charged walls screened by electrons tend to exhibit much higher con-
ductivity than their negatively charged, ion-compensated counterparts due to the mass and
mobility difference between electrons and ions [20]. A third possibility is interfacial charge
transfer from adjacent metallic layers. For example, Bristowe et al. [21] showed that at the
LaAlO3/SrTiOs interface, a polar discontinuity drives electronic reconstruction, leading to
the emergence of a two-dimensional electron gas (2DEG) that screens the diverging elec-
trostatic potential.

Building on this idea, Atkinson [22] used a combined Landau-Ginzburg-Devonshire and
Schrédinger model to show that as the electron density (nop) increases in ferroelectric thin
films, conventional Kittel domain patterns evolve into zigzag CDWs. These structures serve
to attract mobile electrons, which in turn screen the bound charges and ultimately flatten
the domain walls into head-to-head configurations in the high-density limit. Similarly, Cor-
nell et al. [23] demonstrated that at low carrier concentrations, electrons remain pinned at
surfaces forming Kittel-like morphologies. With increasing carrier density, however, these
patterns evolve—first into zigzag walls, and eventually into flat head-to-head structures,
highlighting how multiorbital screening and electronic structure govern the stabilization of
conductive domain walls.

In this work, we model a domain wall in the orthorhombic phase of BaTiOg3, which exhibits
90° domain walls under ambient conditions [1]. These structures correspond to discontinu-
ities in the polarization direction by 90°. Earlier studies have shown that positively charged
domain walls in BaTiO3 can display high, metal-like conductivity, reaching values up to 10°

times greater than that of the surrounding bulk material [19,24].



1.2.1 Nonvolatile Behavior of Charged Domain Walls

One of the most appealing features of CDWs is their intrinsic nonvolatile nature. Since the
polarization configuration that gives rise to these walls is stable in the absence of external
fields, the CDW can serve as a persistent state variable in memory applications. Li et al. [25]
demonstrated the controlled creation and erasure of CDWs enabled binary logic states that
remain stable over time without continuous power supply.

Additionally, the work by Seidel et al. [26] on conductive domain walls in multiferroic
materials supports the idea that CDWs can be reversibly written and erased through poling.
Poling is a process in which an external electric field is applied to a ferroelectric material
to align the electric dipoles, effectively setting or switching the polarization direction. This
ability to control the domain formation leads to a reliable form of memory where the domain
configuration itself encodes information.

Beyond stability, the ability to move or reconfigure domain walls under external stimuli
is critical for their integration into devices. Various studies have explored the motion
of ferroelectric DWs under applied electric fields, mechanical stress, and scanning probe
techniques. Bednyakov et al. [27] demonstrated electric-field-driven motion of charged 90°
walls in BaTiOj3 single crystals.

Piezo-force microscopy (PFM) studies have shown that CDWs can be manipulated through
localized voltage pulses, allowing fine spatial control over their formation and position.
These findings open the door to dynamic, reconfigurable device architectures where CDWs

can function as tunable conductive paths or nanoscale memory elements [28].

1.2.2 Evidence of 90° Domain Walls in BaTiO;

BaTiOgs exhibits several types of domain wall geometries, including 90°, 180°, and 71°
walls,arising from the symmetry-allowed orientations of spontaneous polarization vectors
across the wall. Depending on this orientation, DWs can be classified as head-to-head, tail-
to-tail, or head-to-tail. In head-to-head configurations, polarization vectors on both sides of
the wall point toward the interface, leading to a positive bound charge accumulation. In

tail-to-tail configurations, the vectors point away from the wall, resulting in negative bound



charge. In contrast, head-to-tail walls are charge-neutral, as the polarization vectors are
continuous across the boundary.

Among these, 90° CDWs —especially the head-to-head type—are of particular interest due
to the sharp polarization discontinuity, which gives rise to bound charges and a diverging
electrostatic potential. This potential, when screened by mobile carriers, can induce lo-
calized conduction. Sluka et al. [19] confirmed the existence of a quasi—free-electron gas
at such head-to-head 90° DWs using scanning probe techniques, revealing a conductivity
enhancement of up to 10° compared to the insulating bulk.

Building on this work, Beccard et al. [29] employed nanoscale Hall effect measurements and
reported relatively low carrier densities ( 103 cm~2) and mobilities at head-to-head 90° do-
main walls in BaTiO3 single crystals—values small to account for complete screening of the
bound charge. These findings not only confirm the presence of a two-dimensional electron
gas (2DEG) at the wall but also demonstrate its excellent transport characteristics, making
it a promising candidate for oxide electronics.

More recently, Bednyakov et al. [30] directly visualized the spontaneous formation and evolu-
tion of charged 90° head-to-head domain walls in BaTiOg3 using in situ optical microscopy.
Their observations across the tetragonal-to-orthorhombic phase transition revealed that
these walls can fragment and persist below the transition temperature, providing compelling
evidence that such charged configurations can form and remain stable under realistic ther-

modynamic conditions.

1.3 Spin-Orbit Physics

Spin—orbit coupling (SOC) is a relativistic quantum phenomenon that describes the inter-
action between an electron’s spin and its orbital motion around the nucleus. At its core,
SOC arises when a moving electron experiences an effective magnetic field due to an electric
field from the atomic nucleus in the electron’s frame of reference. In classical terms, this
magnetic field takes the form,

- Tx E
Beg

: (1.4)

c2
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where @ is the velocity of the electron, E = —VV/(7) is the electric field arising from the
crystal potential V' (7), and c is the speed of light.
This effective field couples to the electron’s spin magnetic moment,

e —
g = —g— 1.
fis g2mS, (1.5)

where S is the spin angular momentum, e is the elementary charge, m is the electron mass,
and g is the Landé g-factor. The interaction energy is then given by,

—

Hint = —fis - Begr- (1.6)

A deeper understanding of SOC emerges from relativistic quantum mechanics, where the
Dirac equation naturally incorporates spin degrees of freedom. By performing a non-
relativistic expansion of the Dirac equation up to second order, one obtains an effective
SOC term in the electron Hamiltonian [31],

Hgso = W(ﬁlj(ﬂ X p)- T, (1.7)

where P’ is the momentum operator, 7 are the Pauli matrices, & is the reduced Planck con-
stant, and U () is the electrostatic potential energy. This term describes how the electron’s
motion through a spatially varying potential couples to its spin. Atomic spin-orbit coupling

(ASOC) Hamiltonian is expressed as,
H™ = ¢(r)L- S, (1.8)

where L is the orbital angular momentum and S is the spin angular momentum operator,&(r)
is a radial SOC strength function. In solid-state systems, the atomic-level interaction de-
scribed above becomes modified and enhanced by the crystalline environment. Crystal
symmetries, broken inversion centers, and collective electronic behavior transform the sim-
ple atomic picture into more complex phenomena collectively termed spin-orbit coupling

(SOC) in solids. Unlike ASOC, which is purely an atomic property, SOC in crystals de-
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pends critically on crystal symmetry, presence or absence of inversion symmetry, Interface
and surface effects.This SOC can lead to splitting of electronic bands even in the absence
of external magnetic fields.

Two prominent manifestations of SOC are the Dresselhaus and the Rashba SOC effect [32,
33]. The Rashba effect originates from structural inversion asymmetry, which commonly
occurs in several situations such as at interfaces between different materials, at crystal sur-
faces, in the presence of external electric fields etc. When electrons move through such
asymmetric environments, they experience an effective magnetic field due to relativistic

effects. This leads to the Rashba spin-orbit coupling, described by the Hamiltonian,
Hp = a(kyty — ky1y) (1.9)

Here, « represents the Rashba coupling strength, k= (kz, ky) is the electron’s momentum
in the plane, and 7 are the Pauli spin matrices.

The Rashba effect produces a characteristic “helical” spin texture where electron spins are
locked perpendicular to their momentum direction. In contrast, the Dresselhaus effect stems
from bulk inversion asymmetry, which is an intrinsic property of certain crystal structures.
This effect is particularly prominent in semiconductors with zinc-blende crystal structures,
such as gallium arsenide (GaAs) and indium arsenide (InAs).

The two-dimensional Dresselhaus Hamiltonian takes the form,
Hp = B(kxTzL’ - kyTy) (110)

where 3 is the Dresselhaus coupling constant, determined by the crystal’s inherent asym-
metry.

Unlike the Rashba effect, Dresselhaus SOC cannot be easily tuned by external fields since
it arises from the fundamental crystal structure. The resulting spin texture differs from
Rashba SOC, with spins oriented along the crystal’s natural symmetry directions.
Understanding and controlling SOC is central to the field of spintronics, where the spin of

electrons, rather than their charge alone, is exploited for information storage and process-
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ing. SOC enables the conversion between charge and spin currents through mechanisms
such as the spin Hall effect, inverse spin galvanic effect (also known as the Edelstein effect),
and their counterparts [32]. These interconversion mechanisms offer pathways to develop
low-power, high-speed, and non-volatile electronic devices [34-36]. For example, spin—orbit
torque magnetic memory (SOT-MRAM) utilizes the spin Hall effect to achieve efficient
magnetization switching with ultra-low power consumption [37].

Ferroelectric materials are a great fit for spintronic devices because they naturally link
charge, lattice, orbital, and spin properties. Their built-in electric fields can change things
like carrier density, band structure, and spin—orbit coupling in nearby materials. What
makes them even more attractive is that ferroelectric switching consumes significantly less
energy than magnetic switching; for instance, it can require up to a thousand times less
power than spin-torque-based devices, making ferroelectrics a highly energy-efficient choice
for future spintronic technologies [38].

In perovskite oxides and other d-electron systems, SOC exhibits rich orbital-dependent be-
haviors. For example, in 2DEGs at oxide interfaces such as LaAlO3/SrTiOs, SOC not
only causes Rashba splitting but also depends strongly on the orbital character of the ¢y,
states [39]. Tight-binding and first-principles studies have shown that external electric fields
and orbital mixing (e.g., d—p or d—f hybridization) significantly influence the Rashba coef-
ficient [40].

Another important manifestation is Ising-type SOC, which arises in systems that break
local inversion symmetry while preserving time-reversal symmetry, such as in certain ferro-
electric heterostructures or layered transition metal dichalcogenides (TMDs). In contrast
to Rashba or Dresselhaus SOC, Ising SOC pins electron spins along a fixed axis (typically

out-of-plane), independent of momentum. It can be expressed as,

HIsing = ATz, (111)

where A7 is the Ising SOC strength and 7, is the Pauli spin matrix in the out-of-plane
direction. This form of SOC is especially relevant in non-centrosymmetric layered materials,

where it plays a crucial role in stabilizing spin-polarized electronic states and unconventional
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superconductivity.

1.4 Motivation

Our work focuses on exploring the electronic and spin properties that emerge at stable 90°
head-to-head charged domain walls in tetragonal BaTiO3. The central question we address

in this study is,

What is the effect of polarization on the two-dimensional electron gas
(2DEG) and the band structures at charged domain walls in ferro-

electric BaTiO3?

Answering this requires detailed modeling of the domain wall environment using tight-
binding Hamiltonians constrained by symmetry, and analyzing the consequences for spin,

orbital character, and electronic reconstruction.

1.5 Thesis Outline

This thesis is structured as follows:

e Chapter 2 presents the full theoretical framework developed for this study. Here, we
construct a detailed tight-binding Hamiltonian for the three t5, conduction bands in
BaTiOg, incorporating the effects of polarization, orbital anisotropy, and atomic spin-
orbit coupling. This chapter outlines the step-by-step derivation of the Hamiltonian,

constrained by symmetry, and forms the core of our modeling approach.

e Chapter 3 focuses on the numerical results obtained from our model. We present and
analyze the calculated band structures, Fermi surfaces, and spin expectation values,
highlighting key features such as band splitting, orbital character, and momentum-
dependent spin textures. The results are discussed in the context of symmetry-

breaking effects and their implications for spintronics applications.

e Chapter 4 provides concluding remarks and reflections. We summarize the main

findings, revisit the assumptions and limitations of our approach, and suggest possible
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directions for future research—particularly in developing realistic device architectures

based on ferroelectric domain walls.
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Chapter 2

Theory

2.1 Introduction

This chapter outlines the theoretical framework for studying how polarization influences
the band structure of a 2DEG with both charge and spin degrees of freedom. The focus is
on CDWs in ferroelectric materials, particularly in BaTiO3. To explore this, we construct
a tight-binding (TB) Hamiltonian that incorporates the effects of ferroelectric polarization,
orbital mixing, and spin-orbit interactions. We analyze how crystalline symmetries constrain
the allowed terms in the Hamiltonian and derive symmetry-allowed expressions for each
matrix element. These analytical expressions form the basis for understanding spin splitting,
orbital anisotropy, and the emergence of Ising-type spin—orbit coupling.

In chapter 3, we solve the developed Hamiltonian and compare its results with density
functional theory (DFT) calculations to extract fitting parameters. Using these parameters,
we compute the electronic band structures, Fermi surfaces, and spin textures of the 2DEG

at the CDW.

2.2 Modeling the domain wall

Having discussed the basic physics of ferroelectricity and domain walls in Chapter 1, we now
turn to constructing a microscopic model for the conducting 2DEG that forms at a CDW

in BaTiO3. Our aim is to develop a TB Hamiltonian that captures the essential ingredients
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governing the electronic structure of this 2DEG, including the effects of polarization, orbital
degrees of freedom, and spin—orbit interactions.

The model system we consider is a 90° head-to-head domain wall formed between two or-
thorhombic domains. The coordinate system is defined such that [100] corresponds to the
x-axis, [010] to the y-axis, and [001] to the out-of-plane z-axis. As shown in Fig. 2.1, the
polarization vectors away from the domain wall lie in the xz-plane and point along the
[101] and [101] directions, respectively. At the center of the wall, the polarization aligns
along [100], defining the local direction of the ferroelectric polarization field. We focus on
this central region, which behaves like a narrow tetragonal phase sandwiched between two
orthorhombic domains.

The rotation of polarization across the wall leads to bound charges, which are electrostati-

—_— e | ——

[100]

NN NN NN
NN NN NN
NSNS
NSNS

[010] [001]

Figure 2.1: Illustration of a 90° head-to-head domain wall in the orthorhombic phase. The
two adjacent domains exhibit polarization along the [101] and [101] directions, respectively,
while the polarization within the domain wall region rotates to align along the [100] axis,
forming a conducting interface.

cally compensated by a 2DEG that forms precisely at the interface. It is important to note
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that this type of gradual in-plane rotation defines a Néel-type domain wall configuration in
ferroelectrics. To describe this 2DEG microscopically, we write a TB Hamiltonian projected
onto the Ti to, orbital basis—specifically the d.y, dy., and d., orbitals—which dominate
the conduction band of BaTiO3 near the Fermi level [41]. These orbitals are centered on
the Ti sites.

Since spin effects are central to our study, we include the spin degree of freedom explicitly.
This leads to a six-band model (three orbitals x two spins), which forms a complete basis
for describing low-energy physics near the CDW.

As a starting point of our model, we refer to three dimensional first-principles results for
bulk BaTiOs in its tetragonal phase. Figure 2.2(a) shows the corresponding Brillouin zone
with high-symmetry paths, and Figure 2.2(b) presents the calculated electronic band struc-
ture along these paths. The Fermi energy Er is set to 0eV.

In our study, the focus is to construct a theoretical model for the 2DEG that emerges at the
CDW in BaTiOj3. We specifically aim to reproduce the three conduction bands highlighted
in red in Fig. 2.2(b), which lie just above the Fermi level and are primarily derived from
Ti to, orbitals, at the CDW. A key feature of our approach is the explicit incorporation of
SOC, which introduces additional band splittings.

While setting up the model, we account for the key symmetries of the system, as they de-
termine which terms are allowed in the Hamiltonian. Fig. 2.3 shows one of the Ti-centered
tag orbitals—dgy, dy., and d.,—within the perovskite structure of BaTiO3. Each of these
orbitals lies in a specific plane: dg, in the zy-plane, d,. in the yz-plane, and d., in the
xz-plane. Because of this, they behave differently under mirror reflections. For example,
reflecting across the xzz-plane (which flips y — —y) changes the sign of the d,, and d,. or-
bitals but leaves the d., orbital unchanged. These symmetry properties help us determine

the structure of the model. We assume that our system preserves the following symmetries:

e Mirror symmetry in the xy-plane, which corresponds to reflections across the

horizontal plane (z — —z),(Py — Py)

e Mirror symmetry in the zz-plane, corresponding to reflections across the vertical

plane along y (y — —y),(Pr — Py)
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Figure 2.2: (a) First Brillouin zone of tetragonal BaTiOgs, showing high-symmetry points
used for band structure calculations. (b) Calculated electronic band structure of tetragonal
BaTiO3 along the high-symmetry path in the Brillouin zone. The red box highlights the
three conduction bands just above the Fermi level, which are primarily derived from Ti ¢,
orbitals. Together, these plots provide the momentum-space context and dispersion relation
used for electronic structure analysis. Adapted with permission from Ref. [41].

e Mirror symmetry in the yz-plane, corresponding to reflections across the vertical

plane along =z (z — —x),(P, — —F%)
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e Time-reversal symmetry, which ensures that the system behaves identically when

both momentum and spin are reversed.

These symmetries are typical for domain walls in BaTiOs [42], and they play a central
role in determining the allowed electronic couplings in the Hamiltonian. For example, they
restrict which matrix elements are zero, whether a term is real or imaginary, and whether

it is even or odd in momentum variables such as k, and k.

Figure 2.3: Visualization of a Ti-centered to, orbital (duy, dy., or d..) in the perovskite
lattice of BaTiO3. The orientation of a Ti-centered to4 orbital is aligned with the Cartesian
coordinate axes and is central to defining the symmetry operations. Adapted with permis-
sion from [43].

2.3 Hamiltonian Formulation

To describe the electronic structure at the domain wall, we start with the fundamental
Hamiltonian for a bulk system expressed as,

h2

R . I .
_ " 2 e A
H =~V 4 U + s (VU % ) - 7. (2.1)

The Hamiltonian in Eq. (2.1) consists of three main terms: the first term, —%62, represents
the kinetic energy of the particle; the second term, U(7), denotes the potential energy due
to the external lattice or field; and the third term, ﬁ (ﬁU(F) X ﬁ) - 7, accounts for
the SOC, which captures the interaction between the particle’s spin and the electric field
gradient arising from the spatial variation of the potential U (7). Here, p' = —ihV is the

canonical momentum operator, and 7 = (7, 7y, 7;) denotes the vector of Pauli matrices
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representing the spin degrees of freedom.

In a practical approach, we represent the Hamiltonian H in matrix notation. To do so, we
first expand the wave function in terms of a complete and orthonormal set of basis states
lak), where a € {dyy,dy:,d..} labels the orbital character, and k= (kz, ky) is the two-
dimensional crystal momentum vector in the Brillouin zone. Any eigenstate of H, denoted

|W;), can then be expressed as a linear combination of these basis states.

W) = 3w, flak) (2.2)

where ¢ - are the expansion coefficients. This expansion provides a way to represent the
a,k

wave function in a discrete basis set, which is essential for numerical calculations. The

coefficients 1 ;- are the components of the wave function in this basis. Next, we substitute

Eq (2.2) into the time-independent Schrodinger equation,
H|Vy) = B ), (2.3)

which leads to the matrix form of the Schrédinger equation. In this form, Eq. (2.2) becomes,
> Hosisr = Ebag (24)

where H ;7 = (ak|H|BK) are the Hamiltonian matrix elements. Throughout this thesis,
matrix Hamiltonians will be indicated using boldface notation H. These matrix elements
correspond to the expected value of the Hamiltonian operator between the basis states ]aE>

and |Bk).

2.4 Wannier Functions as a Basis Set

We construct our Hamiltonian using the TB approximation, where the basis consists of
localized Wannier orbitals. In BaTiOgs, the conduction bands near the Fermi level are

primarily derived from the Ti ¢34 orbitals: dyy, dy., and d.,.
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To describe these orbitals, we write their spatial parts as,

¢™(T) = wy - f(IT]), (2.5)
¢¥*(7) = yz - f(I7]), (2.6)
¢*(F) = za - f(I7), (2.7)

where f(]7]) is a radial function that ensures the orbitals are localized around the Ti atoms.
We place these Wannier orbitals on a regular lattice, with each orbital centered at a lattice
site 7; = (24,9, 0), indicating a two-dimensional lattice structure. The functions are then
written as ¢%(7 — 7;), where a € {xy,yz,zx}. These orbitals are assumed to satisfy the

orthonormality condition,
/d?’r ¢ (7 — ) P (7 — 7)) = 6°P8;;. (2.8)

We then define Bloch states by taking linear combinations of Wannier orbitals over all

lattice sites
k) \FZe’k " (T —75), (2.9)

where N is the total number of sites and k is the crystal momentum. This Bloch basis
allows us to express the Hamiltonian in momentum space, where it takes the form of a 6 x 6
matrix (three orbitals x two spins), and is easier to analyze.

To account for the electron’s spin, we extend our basis to include spin degrees of freedom.

The spin part of the Hilbert space is spanned by two-component spinors, where the spin-up

1 0
state is represented by | 1) = and the spin-down state by | |) = . These spinors
0 1

form an orthonormal basis for the spin space and are used in conjunction with the orbital

basis to construct the full spin-orbital basis states.
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2.5 Structure of the Effective Spin-Orbital Hamiltonian

We define an effective TB Hamiltonian H that acts on a basis of Bloch states including
the spin as \aE@, where o represents the spin index (up or down) and k= ky, ky. The

Hamiltonian in matrix notation is written as
ao, Bo’ 211 I\ af /
2 = (aok|H,|Bo’k) = ZHMET;;U . (2.10)
%

Here, 7, represents the 2 x 2 identity matrix for y = 0 and the Pauli matrices for p = 1,2, 3.
The coefficients HZB ; are the matrix elements in orbital space, and 7, acts on the spin space.
Formally the components for H? - can be obtained by multiplying both sides of Eq. (2.10)

H,

! . . . .
by 77 ¢ and summing over spin indices,

—Z 12 Rl Z 7 T, (2.11)

0'0'

Using the orthogonality relation of Pauli matrices

Zr“ 7' = 26,0, (2.12)
and substituting Eq. (2.12) into Eq. (2.11), we obtain

+ ao, Bo’ 0' o _ xyopf
Z H% =H". (2.13)
This gives an explicit expression for the spin-projected component H*? B of the Hamiltonian.
We can also write this projection compactly as a trace over spin space,
1 /
HY = T, {H%“ Bo ry} . (2.14)
Although Eq. (2.14) holds formally, in our approach we will not compute these projections

directly. Instead, we will use symmetry arguments to determine which components Hj%

are allowed or constrained by the symmetries. Considering only the orbital part of the
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Hamiltonian in Eq. (2.10), we write the general form of the orbital-sector Hamiltonian that

we will be working with throughout this study,

= 1Y% £2Y, 2%
Hk ke o,k

H = | #"%Y)* e’ ty=re 2.15

pok ( ok ) ok ok ’ ( )
twy_,‘zz * tyzlrz * 6$Z_}
( ke ) ( ke ) o,k

where, eO‘E (a = zy,yz,xz) are intra-orbital dispersions, ta’g represent inter-orbital hy-

H, )

bridizations arising from symmetry-breaking effects such as ferroelectric polarization or
structural distortions. The inter-orbital hybridization terms, absent in centrosymmetric
crystals, become prominent at ferroelectric domain walls and play a pivotal role in shaping
the spin-orbit coupled band structure.

We can write Eq. (2.10) explicitly as,

H;=H ;on+H ;on+H,;on+H;om (2.16)

2.6 How Symmetry Constrains the Hamiltonian

Now that we have constructed the Hamiltonian matrix in the form of a tensor product
between orbital and spin components as in Eq. (2.16), we turn to the role of symmetry
in constraining its structure. If Ois a symmetry operation of the system, then the total

Hamiltonian must satisfy the invariance condition
e A—1
OH.O™" =H;. (2.17)
This condition imposes constraints on the matrix elements of the Hamiltonian, ensuring
that only terms compatible with the symmetry are retained. Because the Hamiltonian is
defined over both orbital and spin degrees of freedom, the symmetry operator O can be
factorized as,

A~ ~ ~

O = O, @ Osp, (2.18)
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where Oy, acts on the orbital space and Osp acts on the spin space. Substituting this into

our previously defined Hamiltonian expansion (2.16), we arrive at the symmetry condition,

> Ok | Hp\|Oory k) @ OF, 7,05, = £y (k| H,\|Bk) @ 7. (2.19)
M M

This expression ensures that each term in the Hamiltonian expansion transforms consistently
under symmetry operations. We have used the fact that under reflection and time-reversal

operations,

Ol 7.0, = 7, (2.20)

where the sign depends on the symmetry. For reflections, the sign is determined by the
specific symmetry operation (see Table 2.1), while for time-reversal the sign is negative for
u=1,2,3 and positive for u = 0. As a consequence, the condition OAorbﬁ%EOA;rt = iﬁu,ﬁ
must hold. Now we will consider spin transformations under reflections through the zy,
yz, and zx planes. To formalize this, we define, & as the reflection operator acting on spin

space, and S; (1 = x,y, z) as the spin operators, represented by h;i. For simplicity we will

take h = 1.
We define &, as the reflection operator through the xy-plane, such that it acts on spin

operators as,

&Z(Sma Sy7 SZ) a_i = (_S:E7 _Sya SZ)
where the spin components along the z and y directions change sign, while the z com-
ponent remains invariant. This transformation can be realized by a 7 rotation about the

z-axis, implemented by the rotation operator,

~

R=e ™ = _jp, (2.21)

Similarly for yz and zx plane, the spin operators are as given in Table 2.1.
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Reflection Plane Spin Transformation Osp Osp T OAS*p1
70, n=20
~ A~ ~ ~ ~ A~ — = 1
xy-plane (Sz,Sy,S2) = (—Sz, =5y, 5:) | —irs B
) -T2, M= 2
T3, o= 3
T0, w=20
.. . . . -1
yz-plane (Sz, Sy, S2) = (Sz, =Sy, —S2) | —im [ H
—T2, M= 2
—73, M= 3
70, Hn = 0
N .. . _ -1
zx-plane (Sz, Sy, S2) = (=S4, Sy, —S2) | —im2 o
T2, n = 2
—73, H= 3

Table 2.1: Spin transformations under reflection.

2.7 Time-Reversal Symmetry and Its Effect on the Wave-

function

Under TRS, the full wavefunction, which includes both orbital and spin parts, transforms

in a well-defined manner. Consider the Bloch state associated with the d, orbital,

¢z‘y(:€7ya Z) = ¢2y($ay7 Z) ® Xspin7

where (bzy represents the spatial (orbital) part of the wavefunction at momentum E, and
Xspin is the corresponding spinor. Under time reversal, both the momentum and spin degrees

of freedom transform as,

Tqbzy(:v, Y,2) = qbfyl;(a:, Y, 2) - Thpin Xspins (2.22)
where Tspin = —17,K is the spin part of the time-reversal operator, and X denotes complex

conjugation. Let the spinor be expressed as,

XSpiH - 9
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then under TRS,

) o o —i| o |-
TXSPiH - _ZTstpin = —1 =
i 0] |p o

Therefore, the full time-reversed wavefunction becomes,

. —p*
To  (x,y,2) = "% (2,9, 2) : (2.23)
a*

This transformation reflects both momentum reversal and spin rotation. As a result, in a
time-reversal symmetric system, the matrix elements of the Hamiltonian must satisfy the
constraint,

(ako|H|BK o'y = (Toko|H|TBK o')*. (2.24)

This condition imposes symmetry constraints on all momentum-dependent hopping terms

and determines the allowed structure of the spin-dependent Hamiltonian.

2.8 Orbital Hamiltonian for HOE

We now focus on the spin-independent part of the Hamiltonian, H ;.. Using Eq. (2.15), we

can write
Exy_) t:):y_,)yz txyﬂ,:pz
0,k 0,k 0,k
H ;= | (t*%Y)* e’z tysre 2.25
0,k ( 0,k ) 0,k 0,k ( )
TY, T2\ % Yz, T2\ % xz
(to,E ) (to,E ) 60,12

While all terms in the matrix may, in general, contain contributions from the polariza-
tion component P, , we omit these dependencies here for the sake of simplicity. The full
polarization-dependent expressions will be introduced explicitly in later sections, where
their role in the physical behavior of the system becomes essential. As 7y is invariant under
spin-space operations, as we can see from the table 2.1, the transformation properties of
HO,E are determined solely by the orbital sector. We will apply all the symmetries on the

matrix elements to see how they transform.
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Mirror in the z-z plane

The mirror operation 6, maps y — —y. The polarization P, remains unchanged in this

case. Using Eq. (2.9), we get

a-ygbz’y(l’ay? Z) = ¢E (.’E —Y,z )

1

zi)(—y —yi) f(z

i) (y +yi) f(x

Ziy, =Y — Yi, Z)ei(kzxi+kyyi)

— 2i,y + g, 2)e FetiThu)

)6i(kza:¢—kyyi)

1
I~ v (z—z)(y—y)f@— 2y —yi, 2
= —¢%y(x,y,z), (226)
where k = (ky, —ky).
Similarly, we can also show that,
&y ¢z’z($>yaz) = _¢%Z($ayvz)v (227)
oy 97 (x,y,2) = ¢ (x,y,2). (2.28)
Mirror in the y-z plane
In this case, 6, maps + — —=.
1 )
62020 (2,y,2) = ———ms —x —23)(y — yi) f(—x — x5,y — ys, 2) e FaTithuvi)

= Z x4+ @) (y — yi) f (@ + 34,y — yi, 2)e'Ferithuv)

yzx Ty

(usmg the change of variables x; — —x;)

Nomd o

y g,y

&Iég’y(wvyaz) = _(bff (‘Tay7 )7

33@‘; y i(_kzxi"l‘kyyi)

Wy — i) f(x — Y, 2)e

(2.29)
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where k = (—k,, k,). Similarly, we can also show that:

a’xgbgz(x? y7 Z) = +¢%Z(‘,’E7 y7 Z)?

6.907"(1,y,2) = —¢:°(z,y,2).

Mirror in the z-y plane

The mirror operation 6, maps z — —z. From this, we get:

6207 (1,y,2) = 60 (2,y,—2)
= 07 (x,y,2),
6207 (w,y,2) = oF (,y,—2)
= —0F (%,9,2),
0@,y 2) = % (wy,—2)
= —oF (Y, 2).

2.8.1 Example of a Matrix Element

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

To illustrate how symmetry constraints influence the structure of the orbital Hamiltonian

Hy, we examine a specific matrix element corresponding to the hopping between the d,.

and dg, orbitals at crystal momentum k = (kgz,ky). This term appears in the (yz,xz)

off-diagonal block of the spin-independent part of the Hamiltonian and takes the form

19552 & .

By applying reflection symmetry in the xy plane and expressing the matrix element in the

form of Eq. (2.19), we obtain

G, (Zﬁ%'z) & 710.

(2.35)
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Since 79 is invariant under spin operations as we can see from 2.1, and based on the symmetry

relations given in Eqs. (2.33) and (2.34), this transformation yields
(0% | Ho | ¢7°). (2.36)

implying that the matrix element remains unchanged under reflection. Therefore, we con-
clude that

W B) = ), (237)

which indicates that this term is even under reflection through the xy-plane. Next, we
apply these constraints to the Hamiltonian matrix of the t5, orbitals. Under reflection in

the z-axis (the operation ), the matrix transforms as follows:

Ty TY,Yz TY,T2 Ty TY,Yz TY,T2
€ o Al € -t -t
0,k 0,k 0,k 0,k 0,k 0,k
o
(txy_:yZ)* Eyz_‘ tyz_,‘xz LN - (txyiyZ)* eyzﬁ tyzlxz ) (238)
0,k 0,k 0,k 0,k 0,k 0,k
t:vyﬂ,xz * tyz;zz * €%, _ twylﬂcz * tyzlﬂcz * €7,
G )" G ) %k G " i )" 4k

For the matrix to remain invariant under this reflection, the constraints

{EYYE _ TYTE
0,k 0,k

must hold. Applying reflection in the zx plane (i.e., the operation &), the reduced Hamil-

tonian matrix becomes

xy ry
€ 0 0 Y
0,k €0k 0 0
g
vz, yz,xz - vz i I 2.39
0 “or ok 0 0.k toz (2:39)
Yz, T2\ * €Tz _ (Y7 T2\ * Tz
0 (to,E ) 0.k 0 (to,k ) 0.k

where k = (kg, —k,). This transformation implies that the diagonal terms €7 are even

)

functions of k,, while the off-diagonal element tgz’_ﬂ’.m is odd in k.

)

Next, we consider reflection in the yz plane (6,) using Egs. (2.26), (2.27), and (2.28), under
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which the Hamiltonian transforms as

xy Yy
GOJ2 0 0 60,15 0 0
Yz Y2,z &m; Yz _ Jyzmz 2.4
0 0k to,iZ 0 €0,k to,ic (=) (2.40)
*
0w e 0 (ER)

where k = (—kg, k). This transformation implies that the diagonal terms € ¢ are even

)

functions of k;, while the off-diagonal element tgzg’m contains terms that are odd in k, or

)

P,. Subsequently, applying time-reversal symmetry (TRS), which inverts momentum and

complex conjugates all elements, yields

e 0 0 A e ] 0 0

T
S 302 e I i R i G 0)
0 (" (P)" gk 0 ()] e )

(2.41)
From this, we learn that 68[]—5 is real and even in E, and that t%(PI) may contain real terms

that are even in k and imaginary terms that are odd in k.

Symmetry-Constrained Form: A general form that satisfies the symmetry constraints

{Y%T2

for £k ky)

(P,) is given by,

t02" 5 (Py) = 51" sin(kg) sin(ky) + itgy ™ sin(ky) Py (2.42)

This form is constructed using the simplest symmetry-allowed functions—typically trigono-
metric terms such as sin(k;) and sin(k,)—which are commonly used in tight-binding models.
These functions are chosen because they naturally respect the underlying crystal symme-
tries, including inversion, mirror reflection, and time-reversal symmetry.

The first term, proportional to tg;, does not depend on P, and captures purely momentum-
dependent hopping. However, in our case, this term is not essential because it primarily
contributes to fine-tuning the Fermi surface, which is not the focus of this analysis. There-
fore, we omit it in our low-energy effective model.

The second term, itg sin(k, )Py, introduces a linear coupling between the momentum and
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polarization, reflecting inversion-symmetry breaking due to the ferroelectric distortion along
the x-direction.

The final matrix can be written as

e’ 0 0
Hor =1 0 e’ itgy sy Pr + th " szsy | - (2.43)
0 —itgé’msny + tgf’zxsmsy €5

Here, s, and s, denote sink, and sink,, respectively. This form explicitly respects all
relevant mirror and time-reversal symmetries and includes only the lowest-order allowed
couplings between orbitals and polarization.

Now that we have systematically analysed the off-diagonal hopping terms and their be-
haviour under symmetries, we turn our attention to the diagonal energy terms in the Hamil-
tonian.

To maintain consistency and completeness in the construction of the tight-binding model, it
is essential to apply the same set of symmetries to the diagonal terms as well. These diago-
nal elements, corresponding to orbital-resolved on-site energies and self-hopping processes,
must respect the underlying symmetry constraints of the system to ensure the physical

accuracy and predictive reliability of the model.

2.8.2 Diagonal terms in H ;

The diagonal elements are determined using the tight-binding approximation. For instance,

the matrix element for the xz orbital can be computed as,

€r= (z2k|H|x2k) (2.44)
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Expanding the wave functions in terms of Bloch sums,

oz L $° S eithemithy) gmilhiath)
0k~ N,N,

T1z,ly Jx sJy

< / r ((z — 2)(2)) f (@ — 30y — yir 2) (@ — ) (2) F & — 0,0 — 95,%)  (2.45)

Simplifying:

oz 1 $° S ithemihan; thynu)
0k~ N,N,

Z'za'by Jzajy

x / Br((@ - 2) () F(@ — 20y — yi )V H (@ — 23)(2) [ — 250y — yjn%)  (246)

The hopping matrix elements are defined as,

/

to  ifi=j
(z—23)(2))* f(w—25, y—yi, 2) H (@ =) (2) f (z =25, y—y;, 2) = —ty if jp =iy 1 (2:47)

—t, ifj, =iyt 1

Here, ¢ and j label the positions of atomic lattice sites in two dimensions, with coordinates
(z,1y) and (jz,jy), respectively. The case ¢ = j represents the on-site term. The terms
Jjz = iz £1 and j, = iy £ 1 correspond to nearest-neighbour hopping along the z- and
y-directions, respectively as shown in (b) of Fig. 2.4. The hopping parameters t) and ¢
represent nearest-neighbour hopping amplitudes in the tight-binding model. Specifically,
t| denotes hopping along the direction of orbital alignment, typically the stronger hopping
channel, and ¢; denotes hopping perpendicular to the orbital alignment, generally weaker
due to reduced orbital overlap.

To visualize this, we include the schematic representation of d, orbitals and their nearest-
neighbour hopping pathways in Fig.2.4. To proceed further, we explicitly evaluate how
each hopping contribution—from on-site and nearest-neighbour interactions—affects the
diagonal elements of the tight-binding Hamiltonian in momentum space. We now compute

these contributions explicitly, starting with the on-site term (¢ = j) and then evaluating the
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(a) 1 L
/7

(b) ‘

Figure 2.4: (a) Nearest-neighbor hopping for d, orbitals, with ¢ and ¢, denoting hopping
directions parallel and perpendicular to the orbital lobes. (b) Lattice indexing in the xy-
plane, showing the central site (0,0) and its nearest neighbors in the tight-binding grid.

phase factors associated with nearest-neighbour hopping along the z- and y-directions.

For on-site energy (i = j),

ei(kxzi—kw1j+kyyi_kyyj)

For nearest-neighbour hopping,
- When j, =i, + 1:

6ik:z (xi—xj) — 6—ikza =

- When j, =i, — 1:

eikm(l'i—wj) — eikma =

:eO:]_,

(2.48)

—ikza

—t”e

ikpa

—t”e
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- When j, =i, + 1:

eiky(yi—yj) _ e—ikya = —tle_ikya

- When j, =i, — 1:

eiky(yi—yj) _ eikya = _tleikya

Summing these contributions, we obtain,

ng]}’ =1y — t”eiikza — tueikza — tj_eiikya — tj_eikya (2.49)
which simplifies using Euler’s formula:
eg% = to — 2t} cos(kza) — 2t} cos(kya) (2.50)

Similarly, the tight-binding dispersion relations for the ¢y, orbitals without spin-orbit cou-

pling are given by:

eg% = By — 2t (ce + ¢y) — dt3acacy, (2.51)
e =By — uP? — 2ty cp — 2ty (2.52)
Gg% = sz — 2t||c$ — 2tJ_Cy s (2.53)

where F,y, F,., and E., are the orbital-specific energy shifts and ¢; = cos k; for i = z,y, 2.
Among the three on-site energy terms, the expression for eg; includes an additional term
proportional to u(P;)?. This term is allowed by symmetry, as it is invariant under all
spatial reflection operations and TRS. We include this term in the TB model to capture
polarization-induced shifts in the orbital energies, consistent with the results of DFT cal-

culations. The coefficient u is treated as a fitting parameter to quantitatively match the

tight-binding dispersion with the DFT band structure.
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2.9 All Symmetries Together

Building upon the detailed symmetry analysis performed in the previous section for a specific
off-diagonal matrix element, we now apply the same methodology systematically to all
relevant hopping terms and on-site energies in the TB Hamiltonian. By considering the
transformations under reflections in the xy-, yz-, and zz-planes, as well as TRS, we derive
the symmetry-constrained forms of each matrix element. The results of this comprehensive
analysis are summarized in the Table 3.2, which provides a unified overview of how each

non-zero term behaves under the imposed symmetries.

Element Oq Oy T
YZ,2T _ 4Yz,2T _ 4Yz,2T YZ,2T 7%
tok o kb | t0.(keky) | [ 7]
@y,yz _Tyyz _TYyz L TY, YR
2 O Chaky) | k) | [THE ]
Ty, T2 Ty,r2 _qTYy,TZ
tl,E tl»(*kmvky) tl’(km’_k’y) [ tl,*l_c‘ }
rY,Yyz TY,Yyz TY,Yz _ +TY, Y27 %
L2 b harky) | T2y | [Ty g ]
Ty, T2 _ry,xz _ry,wz _TY, T2k
tQ,E t2v(_kzvk’y) t27(km»_ky) [ t2 -k }
1YZT% tyz ,TZ tyz o873 _pYE TR
v S.(ckaky) | T80k ky) | [T %]
o (e} « (0% *
€ €k ky) €Chs—hy) %]

Table 2.2: Symmetry relations for the nonzero matrix elements of H i Each row shows
terms that must be equal due to symmetry operations: reflection in & which flips polarization
(P, — —P,), reflection in y, and time-reversal symmetry. Hermiticity ensures that diagonal
terms 6% are real.

Repeating the symmetry analysis for the remaining parts of Eq. (2.16), we obtain

0 i1 spsy + 115V 5y Py —zg + 175" 5, Py

1,k _/Ltcffvy SzSy + tfy yz Px 0 0 (254)

i§ + Y s, Py 0 0
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The terms proportional to /2 in the matrix represent the ASOC, as introduced earlier in
Chapter 1. Here, £ denotes the spin—orbit coupling strength, which for titanium is approx-

imately £ ~ 20 meV. Notably, this contribution arises independently of the ferroelectric

polarization.
Similarly, for H, », we write,
0 Y s, Pyt i§ 137, Py + i3 5,5,
H, = . 2.55
2,k togY su Py — z% 0 0 (2.55)
tgg’msny — itgl’msxsy 0 0
For the final term, H, », we have,
0 0 0
Hyg =10 0 0§+ 45 s, Py (2.56)
0 —i§ + 55" s, Py 0

Now that we have systematically constructed the components of the total Hamiltonian by
identifying and retaining only those terms that are invariant under the relevant symmetries,
including reflections across the coordinate planes and time-reversal symmetry, we have ar-
H

rived at compact expressions for each sub-block, H and H, ». With the full TB

1,k th2 ko
Hamiltonian now assembled from these symmetry-constrained components, we are in a po-
sition to proceed with the numerical analysis. In the following chapter, we will use these
Hamiltonian matrices to compute the band structures of the system under various polar-
ization conditions. This will allow us to explore the resulting energy dispersions, identify

the nature of the band splitting due to spin-orbit interaction and ferroelectric polarization,
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and evaluate the overall impact of symmetry breaking on the electronic properties of the

system.
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Chapter 3

Results & Discussions

3.1 Overview and Research Objectives

In the introduction, we highlighted the central questions guiding this work:

How does ferroelectric polarization influence the energy dispersion of conduction

bands at charged domain walls in BaTiO3?

How do symmetry constraints imposed by polarization shape the spin texture of

the two-dimensional electron gas?
To explore these questions, we formulated several specific objectives:

1. Investigate the role of crystalline symmetry on the Hamiltonian of BaTiOj3 in the
tetragonal phase with polarization across a 90° head-to-head domain wall. We ana-
lyzed how the symmetry constraints dictated the allowed hopping terms and affect

the orbital degeneracies.

2. Determine how the inclusion of ASOC modifies the band structure. We will assess

the extent to which ASOC lifts degeneracies and generates spin splittings.

3. Examine how introducing ferroelectric polarization further alters the electronic states.
Specifically, we will quantify how polarization-induced inversion symmetry breaking

modifies the band dispersion and the Fermi surface topology.
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4. Analyze the role of additional spin-orbit terms that arise due to structural asymme-
try. We will investigate how these terms couple the spin and momentum degrees of

freedom, leading to momentum-dependent spin textures and Ising-type spin splitting.

5. Discuss the broader implications of these findings. We will consider how the emergence
of nontrivial spin textures and tunable spin splittings in ferroelectric BaTiOs could

be harnessed for reconfigurable spintronic applications.

3.2 Modeling Approach and Justification

To capture these effects, the study considers three progressive scenarios, (i) the unpolarized
system without SOC, serving as a reference configuration; (ii) the inclusion of ASOC while
preserving inversion symmetry; and (iii) the full model incorporating both SOC and inver-
sion symmetry breaking terms. This stepwise approach enables a clear separation of the
contributions from each interaction and provides insights into their combined influence on
the electronic structure. All calculations are performed along high-symmetry directions in
the Brillouin zone, and complementary Fermi surface contours are constructed to illustrate

the changes in the topology of occupied states.

3.3 Computational Details and Band Structure Fitting

To investigate the low-energy electronic structure of BaTiO3, we performed the density
functional theory (DFT) calculations and then constructed a quantitative TB model by
fitting its parameters to the DFT results. These calculations were performed by Dr. Bill
Atkinson using QUANTUM ESPRESSO [44,45]. Fully-relativistic, norm-conserving Van-
derbilt pseudopotentials [46] were used, with a plane-wave energy cutoff of 60 Ry.

The calculations were carried out for tetragonal BaTiOs with lattice constants a = b =
4.00 A, ¢ = 4.03 A. The atomic positions, in fractional units of the lattice constants, were

adopted from Ref. [47] and are listed below:
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Atom x Y z
Ba 0.000 | 0.000 | 0.000
Ti 0.500 | 0.500 | 0.518
01 0.500 | 0.000 | 0.475
02 0.000 | 0.500 | 0.475
03 0.500 | 0.500 | —0.0123

The self-consistent wavefunctions are solved on on an 8 x 8 x 8 mesh of k-points.

From the resulting 3D DFT band structure, we identified the three conduction bands im-

mediately above the Fermi level, which arise predominantly from Ti to4 orbitals (dgy, dy-,

and d,). These form the low-energy basis for our TB model, as described in Chapter 2. To

ensure consistency, the TB model was evaluated in three dimensions and fit directly to the

DFT band structure to extract key parameters such as orbital energy offsets and hopping

amplitudes.

For the diagonal terms, we began with generic to, orbital dispersions for the d,, dy., and

d, bands in 3D,

€Y = Egy — 2t (ce + ¢y) — 2t e, — dt3acpcy, (3.1)

& = By, —uP2 — 2t ¢ — 2t|cy — 2t)c, — Alscycs (3.2)

zx

€ = Ezm — 2t||cx — QtJ_Cy — 2t||cz — 4t3$CzC$ y (3.3)
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The parameters obtained from this fitting process are:

By =15.2992 eV, E,, =14.6744 ¢V, E., = 14.6265 eV,

t|=0.2361eV, t, =00367cV, t3=0.1¢V, uw=0.1, t3; =0.0565 eV.

To check how well the TB model matches the DFT results, we compare them in Fig. 3.1.
The red dots correspond to the TB model results, while the blue dots represent the DFT
band structure along selected high-symmetry paths in the Brillouin zone. The TB model
matches the shape and placement of the conduction bands very well, especially near the I'
point and along I' — X and I' — Y. Minor discrepancies at higher energy points are due

to neglected higher-order terms and simplifications inherent in the model.

- DFT
- Tight Binding MODEL

Energy (eV)

r-x Z-R R-T r-y

Figure 3.1: Comparison of DFT (blue) and tight-binding model (red) band structures for
domain wall in BaTiOs.

Next, we addressed the off-diagonal components of the Hamiltonian that govern orbital
mixing and SOC. Initially, our model included nine terms corresponding to symmetry-

allowed couplings in the presence of a polarization along the z-direction (P,). These terms
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are,

LYZ,2T L TY, Yz
t018:Sy, ilgy SyPr, 18777 848y,

Ty,yz Ty,T2 zY,yz
1157 8y Py, 1157 82 P, 1557 82 P,

TY,r2 L TY,TZ YZ,2T
1oy 8y Pr, 577 8z5y, 135 8.Pp.

However, some of these terms such as tg15;5, have a quantitative effect on the band struc-
ture, but do not contribute to the spin-orbit physics. Therefore, these were set to zero,
reducing the number of effective unknowns. We will show in Sec.(3.4.2) that terms involv-
ing sink, (e.g., t75"%s, P;) have negligible influence on the spin splitting of the bands near
the Fermi level. Therefore, we set these terms to zero at this stage, which reduces the
number of effective unknown parameters in the model.

We mainly focus on the role of inversion symmetry breaking and the terms responsible for

that are,

TY,Yz TY,T2 . YZ, 2T
1157 8y Py 1557 "8y Py, itgy” sy Py

These terms directly couple the orbital and spin degrees of freedom through the polarization
field and are primarily responsible for the emergence of Ising-type spin splitting observed
in our calculations.

Table (3.1) summarizes the values assigned to these off-diagonal terms. Only these three
were given a finite value of approximately 0.1 eV, chosen after exploring parameter ranges
and comparing with DF'T results to produce realistic spin splitting. Although this value is
relatively large for SOC-related hopping terms, it was intentionally set high to clearly show
spin-orbit effects in the band structures and spin textures. All other terms were set to zero
due to their minor or negligible effects.

Overall, this TB framework allows us to interpret and reproduce the essential features of
the DFT band structure while highlighting the role of polarization-induced orbital mixing
and SOC effects.
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Off-diagonal Term | Value
101525y 0
e 0.leV
itfly’yzsmsy 0
t15Y% sy Py 0.1eV
119" s, Py 0
oY% s, Py 0
5y " sy Py 0.1eV
ito) " 5,8, 0
457 5, Py 0

Table 3.1: Values assigned to symmetry-allowed off-diagonal terms in the Hamiltonian.
Only three contribute significantly to spin splitting.

3.3.1 Electron Filling and Fermi Level Determination

To establish the Fermi level corresponding to a physically meaningful electronic filling, the
occupancy of each state was computed explicitly by summing the eigenvalues of the Hamil-
tonian across a discretized two-dimensional k-space grid. The Fermi-Dirac distribution at

zero temperature is

1, E< Ep,
f(E) =
0, E>Ep,

where Er denotes the Fermi level. For each k-point, the total electron occupation was

obtained by summing over all occupied bands,

Noce kmak Zf kmak )

where E;(k,, k) are the eigenvalues of the Hamiltonian computed at each point (k,, k) for

the ith band.
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The calculation employed a uniform k-space mesh defined by
ke ky € [—77, ﬂ,

sampled over 200 points in each direction.

The total number of electrons was evaluated by summing the occupancy over all k-points,

Niot = Z Z nocc(kam ky)

ke ky

Finally, the average electron occupancy per k-point was calculated as

o Ntot

Using this procedure, the Fermi level was determined which ensured the filling consistent
with the band structure and the assumed two-dimensional electron gas. This Fermi level
was subsequently adopted for all band structure and Fermi surface calculations presented
in the following sections. The calculated total occupancy of the 2DEG corresponds to an
average of approximately 0.3698 electrons per unit cell. Using the relation for the bound
charge at a charged domain wall,

op = 2P cosd, (3.4)

where P = 0.26 C/m? for BaTiO3 and 6 = 45°, we obtain

op =2 x 0.26 x cos(45°) ~ 0.52 x 0.7071 ~ 0.3677 C/m?. (3.5)

Considering the tetragonal lattice parameters of BaTiOs, a = 4.0 A and ¢ = 4.03 A, the

area of the unit cell perpendicular to the domain wall is

Awe =a x ¢ = (4.0 x1071%) x (4.03 x 1071%) ~ 1.612 x 1071% m?, (3.6)
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The corresponding number of electrons per unit cell is then

op X Aye  0.3677 x 1.612 x 10717
e N 1.602 x 1019

~ 0.369 electrons per unit cell. (3.7)

Ne =

3.4 Domain Wall Band Structures for H,

Now that we have determined all relevant parameters for our TB model including both
diagonal and off-diagonal terms, we are well positioned to compute and analyze the resulting
band structures for our 2D model. This allows us to visualize how the orbital and symmetry
properties shape the low-energy electronic landscape of BaTiOj3, starting with the baseline
case that excludes SOC and polarization effects. Fig. 3.2 shows the electronic band structure
of BaTiO3 obtained from the spin-independent TB Hamiltonian Hy. This represents the
reference configuration with no ferroelectric polarization and no SOC.

At the I' point (E = 0,0), the three lowest conduction bands are nearly degenerate. However,
as we move along the I' — X direction (k = (,0)), this degeneracy is lifted. Two of
the bands—mainly from the d,, and d., orbitals—rise in energy, while the third band,
associated with the d,, orbital, stays relatively flat.

This difference comes from how each orbital allows electrons to hop along the z-direction.
The d;, and d, orbitals support strong hopping in this direction, with a large hopping value
of £ = 236 meV. On the other hand, the d;, orbital doesn’t contribute much to hopping
along z, and its energy varies mainly due to the much smaller perpendicular hopping term,
t; = 36 meV. This explains why the d,. band shows little dispersion, while the other two
rise more noticeably as we move from I" to X.

Along the X — M [E = (m,m)] path, all three bands continue to disperse. The upper
band exhibits a clear peak, while the lower bands remain less dispersive. Near the M
point, a direct crossing between the lower and middle bands becomes visible. This band
structure serves as a benchmark for identifying how inversion symmetry breaking alters the
band structure in subsequent sections. The horizontal dashed line denotes the Fermi level
determined as described in the preceding section, which serves as the energy reference for

the occupied states and defines the cut used to compute the corresponding Fermi surface.
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15.5
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r-Xx X->M M-T -y

Figure 3.2: Band structure for the domain wall in BaTiO3 without polarization

Bands
Em Band1 1t
= Band14 %4
BN Band2 T
B Band2 !
EEm Band3 T
N Band3 !

-0.4 -0.2 0.0 0.2 0.4

Figure 3.3: Domain wall Fermi surface without polarization

Figure 3.3 shows the computed Fermi surface of BaTiO3 in the absence of SOC and
inversion symmetry breaking, corresponding to the reference Hamiltonian Hy. The Fermi
surface consists of three distinct, closed lines associated with the ¢, orbitals. Each line is

spin-degenerate and exhibits the high symmetry characteristic. This simple case provides a



47

clear point of comparison for later cases, where SOC and ferroelectric polarization introduce
distortions and splittings. In this configuration, the undisturbed Fermi surface defines the

baseline charge transport properties of BaTiOg in its paraelectric state.

3.4.1 Inclusion of Atomic Spin-Orbit Coupling

Including ASOC modifies the band dispersion in several important ways. Figure 3.4 shows
that ASOC lifts some degeneracies by coupling the spin and orbital degrees of freedom,
leading to avoided crossings where bands previously intersected. A representative avoided
crossing is highlighted in the inset of Fig. 3.4, where a gap opens as a direct manifestation
of spin-orbital mixing. Compared to Fig. 3.2, this band structure displays clear splitting
induced by ASOC, while the overall dispersions remain largely unchanged away from the
crossing points. The corresponding Fermi surface is shown in Fig. 3.5. The contours are
slightly shifted and deformed due to the influence of ASOC. Despite the inclusion of ASOC
terms, there is no spin splitting of the bands, indicating that additional symmetry breaking

is required to lift the spin degeneracy in BaTiOs.

16.5

Bands

s Band1 1t
BN Band1 !
160) wuy Band2 1
mm Band2 !
N Band3 1
15.5{ mEE Band 3 | -
>15.0
[
e Y
<
2
S145
EFV s
14.0 ﬁé—__’i
13.5
13.0
r-Xx X->M M-T r-y

Figure 3.4: Electronic band structure for the domain wall including ASOC effects.
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Bands
B Band1 1
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B Band2 !
EEN Band3 1
BN Band3 !
0.2

kx

Figure 3.5: Fermi Surface for the domain wall including ASOC effects.

3.4.2 Full Hamiltonian with All Couplings

Figure 3.6 shows the domain wall band structure computed with the full tight-binding
Hamiltonian, including inversion symmetry breaking due to polarization (P,) and SOC.
Along the I' — X path, we observe no visible spin splitting between the bands. This is
consistent with the symmetry of the system. Since k, = 0 along this direction, all terms
in the Hamiltonian that involve sin k, , including the orbital-mixing terms responsible for
spin splitting vanish identically. As a result, the bands retain their spin degeneracy.

Along the X — M path, where both k, and k, are nonzero, the sin k, terms become active.
This leads to pronounced spin splitting. Orbital mixing terms are enhanced in this region,
lifting degeneracies and modifying the effective mass of each band.

Along the I' — Y direction, k, increases while k; = 0, thereby activating all symmetry-
allowed terms in the Hamiltonian that contain sink,. Notably, this includes the orbital-
mixing terms such as t75Y* s, Py, t55"" s, Py, and ity " s, P,. We observe a clear spin split-
ting in this region, where the initially threefold conduction band manifold splits into six
distinct bands. Each orbital branch now hosts two spin-polarized components — spin-up

and spin-down. Compared to Fig. 3.2, this configuration represents the most pronounced



49

departure from the reference case, with the original parabolic bands transformed into a
complex manifold of non-degenerate branches. Fig. 3.7 shows the Fermi surface obtained
using the full TB Hamiltonian. In this case, each band splits into a pair of spin-polarized
branches, resulting in six clearly separated Fermi contours. This doubling signals the emer-
gence of spin splitting due to broken inversion symmetry. Moreover, the contours are no
longer symmetric, the ky-axis exhibits noticeable stretching compared to the &, direction.
This anisotropy arises from an additional term «P?2 in the Hamiltonian, which selectively

shifts the energy of the d,. orbital and enhances its dispersion along k.

N =

15.5

Energy (eV)

r-Xx X->M M-T -y

Figure 3.6: Domain wall Hamiltonian with ASOC and SOC
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Figure 3.7: Domain wall Fermi surface with ASOC and SOC

During the curve fitting of our model to the DFT band structure, we found that certain
symmetry-allowed terms of the form sin k, P,, terms that depend on sin k,, had negligible
influence on the electronic bands . To validate this observation, we explicitly included these
terms at a representative energy scale of 0.1 eV and recalculated the band structures.

The three plots shown in Fig. 3.8 illustrate the spin splittings obtained by selectively acti-
vating subsets of these terms. Spin splitting refers to the lifting of spin degeneracy in the
electronic band structure, such that each originally spin-degenerate band separates into two

branches (spin-up and spin-down). It is quantified by the energy difference
AE, (k) = Ep1(k) — By (k), (3.8)

for a given band n and momentum k.
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(c) Only sink, P, terms active

Figure 3.8: Momentum-dependent spin splittings under different subsets of symmetry-
allowed off-diagonal terms. (a) includes all sink, and sink, terms; (b) isolates sink, P,
terms, which show negligible splitting; and (c) shows strong splitting driven by sin k, P,

terms.
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The first panel includes all terms involving both sink, and sink,, while the second
and third isolate the terms with only sink, P, and sin kP, dependence, respectively. A
clear pattern emerges: the spin splittings arise from terms proportional to sin &k, P, such as
£V Py fE07 P and 0057, Py
Conversely, terms with sin k, P, dependence, simply do not produce spin splitting at all as
seen in the second panel.

These results demonstrate that the symmetry and momentum structure of the off-diagonal

Hamiltonian terms play a very important role in determining the spin splitting.

3.5 Orbital Character

Figure 3.9 presents the orbital-resolved Fermi surfaces of BaTiO3 under ferroelectric polar-
ization. The six panels correspond to the six low-energy bands, with color indicating the
dominant ¢, orbital character: red for d,,, green for d,., and blue for d.,. Black contours
denote the Fermi level, outlining the momentum-space regions where each band intersects
it.

In Bands 1 and 2, the Fermi surfaces are predominantly in green and blue regions, indi-
cating dominant d,. and d., character—but the boundary between these orbital regions
is visibly blurred, especially near the center of the Brillouin zone. This smooth gradient
reflects orbital hybridization, a result of symmetry breaking caused by polarization. Bands
3 and 4 continue this trend with a more pronounced mixing. Although they have mostly
dy. and d,; character, a distinct red patch appears at the I' point, revealing a localized
admixture of d;, character.

In contrast, Bands 5 and 6 exhibit primarily red orbital weight, consistent with d,-
dominated states. However, subtle patches of green and blue near the Fermi level crossings
indicate that even these bands are not purely d;, in character. This progressive blend-
ing of orbital contributions across all bands reflects how ferroelectric polarization drives

momentum-dependent orbital mixing.
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Figure 3.9: Orbital-resolved Fermi surfaces for domain wall with spin-orbit coupling and
polarization. Colors indicate dominant orbital character (dzy: red, dy.: green, d.,: blue);
black contours mark the Fermi surface for each band.

3.6 Spin Expectation Value Calculation

To study the emergence of spin textures at charged 90° domain walls in ferroelectric BaTiOs,
we compute the expectation values of the spin operators for each eigenstate of the Hamil-
tonian. For a given momentum point k= (kz, ky), the Hamiltonian is diagonalized to yield
eigenvalues en(E) and corresponding eigenvectors wn(g), where n indexes the band. The

=

spin expectation value (), (k) for band n at wavevector k is given by,
(S)n(k) =l (k) S (k) (3.9)

where § = (5}, S'y, S’Z) are the spin operators acting on the spin degree of freedom within
each orbital subspace. These spin operators are constructed from the Pauli matrices
Tzs Ty, Tz, Which act on the spin index and are embedded as block-diagonal matrices in
the full spin-orbital basis.

For a tight-binding Hamiltonian with spinor wavefunctions of dimension 2N (where N is
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the number of orbitals), the spin operators are represented as,

3
I
Do

where each matrix is understood to be embedded across the spin degree of freedom for each
orbital (e.g., using Kronecker products).

In numerical implementation, the spin expectation values are evaluated using the computed
eigenvectors from diagonalizing the Hamiltonian. For each band n and momentum E, we

compute,

2N
(Sa)(R) = 37 5s(F) [Sa] vns), a=my.= (3.10)

i,j=1
These spin expectation values are then visualized to reveal the spin textures in momentum
space. In our results, we found that (S,) and (S,) vanish due to symmetry, while only (S)
remains finite. This is a hallmark of Ising-type SOC, where the spin is pinned along a single
direction—in this case, the out-of-plane z-axis.

Fig. 3.10 illustrates the out-of-plane spin polarization on the Fermi surface for the charged
domain wall configuration. The color scale represents the magnitude and direction of spin:
red indicates spin-up, and blue indicates spin-down. The figure compares the spin textures
in two cases, with SOC and without SOC. In the absence of SOC (a), the spin-degenerate
Fermi surfaces for spin-up and spin-down states exactly overlap across momentum space,
resulting in no visible splitting. This overlap demonstrates that the system retains full spin
degeneracy in the absence of symmetry-breaking spin-orbit interactions.

In contrast, Fig. 3.10(b) shows the situation with SOC included. Here, red and blue contours
indicate the z-component of the spin polarization (S,), corresponding to spin-up and spin-
down states, respectively. While much of the Fermi surface still exhibits near-degenerate
spin states — evident from overlapping red and blue contours — certain regions display
significant separation. These points of divergence occur near avoided crossings of different

Fermi surface branches, where spin-orbit coupling becomes most active.
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Figure 3.10: Comparison of spin polarization at the Fermi surface at the CDW in BaTiOsg,
with and without SOC. (a) Without SOC, the Fermi surfaces cross directly without lifting
spin degeneracy, resulting in no spin splitting or avoided crossings. (b)With SOC significant
spin splitting is observed near avoided crossings, where the Fermi surface splits into spin-up
(red) and spin-down (blue) contours. This indicates strong momentum-dependent spin-
orbit effects.
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3.7 Current-Induced Spin Polarization and Edelstein Effect

The presence of Ising SOC not only affects the ground-state electronic structure but also
leads to observable consequences under nonequilibrium conditions. In particular, the momentum-
locked spin texture enables the Edelstein effect—a mechanism by which a DC electric field
induces a uniform spin polarization. When a current is applied parallel to the domain wall,
the Fermi surface is shifted in momentum space, leading to an imbalance in the occupied

spin states, and consequently, a net spin polarization emerges. As illustrated in Fig. 3.11,

ky

(s2)

Figure 3.11: Out-of-plane spin expectation values (S,) plotted across the 2D Brillouin zone
for all six bands. Each subplot corresponds to one band, with the color scale indicating
the magnitude and sign of spin polarization. Red and blue regions indicate spin-up and
spin-down components, respectively. The black contours represent the corresponding Fermi
surfaces. The coexistence of positive and negative (S, ) regions within each band reveals spin
splitting, with the Fermi contours highlighting momentum states contributing to current-
induced spin polarization.

the Fermi contours for all six bands are superimposed on a colormap representing the out-
of-plane spin expectation value (S,).

This electrically induced spin response highlights the potential of such systems for reconfig-
urable spintronic applications. Because the polarization direction P, governs the spin-orbit
landscape, reversing the ferroelectric polarization allows dynamic tuning of the spin texture.

This paves the way for low-power spintronic devices where spin states can be programmed
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and erased via gate voltages—key ingredients for non-volatile memory elements and logic

devices.

3.8 Discussion

The motivation for this work stems from the theoretical framework developed by Zhong
et al. [48], who investigated SOC at LaAlO3/SrTiO3 (LAO/STO) interfaces and SrTiOs
(STO) surfaces using DFT calculations combined with a symmetry-constrained TB model.
Their study provided critical insights into the orbital origin of Rashba-type SOC in per-
ovskite oxide 2DEGs, emphasizing the role of interface asymmetry and multiorbital effects.
Inspired by their approach, our work builds on a similar multiorbital TB framework but
shifts the focus from heterointerfaces and surfaces to conducting 90° domain walls. Al-
though both systems share structural similarities—such as the presence of Ti 3d t2, orbitals
and broken inversion symmetry—the origin and nature of SOC in our system are funda-
mentally different due to distinct symmetry conditions. One of the most crucial differences
lies in the direction of polarization. In the LAO/STO case, inversion symmetry is broken
along the out-of-plane direction due to the interface potential gradient, which leads to the
emergence of a Rashba-type SOC' characterized by in-plane spin textures. In contrast, our
model for BaTiO3 domain walls assumes that the polarization lies in-plane, consistent with
the structure of a head-to-head 90° domain wall. This in-plane polarization changes the
symmetry constraints, resulting in a different set of allowed spin—orbital couplings. Notably,
we find that under these conditions, the dominant SOC is Ising-like, with spin predomi-
nantly polarized in the out-of-plane (z) direction and locked to in-plane momentum.

While Zhong et al. derive their TB parameters directly from DFT and include a well-defined
antisymmetric hopping term () to model interface inversion breaking, our study encoun-
tered several unknown coupling terms in the Hamiltonian due to the lack of prior data
specific to domain walls in BaTiOg. To overcome this, we used a combination of DFT band
structure calculations and curve fitting to estimate a subset of the most influential terms.

Given the large number of undetermined parameters, not all terms could be obtained with
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high accuracy. Nonetheless, by systematically exploring their effect on the band structure,
we were able to isolate the couplings most responsible for band splitting and spin texture
formation.

Our results highlight that symmetry and polarization direction are decisive factors in de-
termining the type of SOC. By comparing the interface-induced Rashba splitting observed
in LAO/STO to the Ising-type SOC at domain walls in BaTiOs3, our study demonstrates
that ferroelectric domain walls can serve as a novel platform for achieving spin-polarized
electronic states without the need for externally engineered interfaces. Despite being a the-
oretical result, the prediction of Ising-type SOC at 90° CDWs holds significant potential for
future spintronic technologies. The inherent out-of-plane spin polarization and momentum
locking—arising purely from symmetry breaking and orbital structure—could be harnessed
in designing reconfigurable spin filters, nonvolatile memory elements, or domain-wall-based

logic devices [26].

3.9 Barriers to Device Integration of Conducting Domain

Walls

While our theoretical model shows exciting potential for reconfigurable spintronic devices
based on CDWs, turning this idea into a working device still faces a few important chal-
lenges.

The first major challenge is the controlled creation and stability of these walls. CDWs are
not naturally stable. They need to be screened by mobile electrons, defects, or other mech-
anisms to avoid building up large internal electric fields [19,49]. In experiments, forming
these walls exactly where and how we want, especially without accidentally forming extra
walls nearby, is very difficult. Some studies have tried to solve this by using nano-scale
islands or special geometries to confine the domain walls and guide their behavior [50,51],
but this approach is still in early stages.

The second big issue is reading out the wall’s signal and integrating it into real devices.
Although CDWs can be much more conductive than the surrounding material, the actual

current they carry is still very small — often in the nano-ampere range. This makes it
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hard to measure them reliably in practical circuits [52]. On top of that, making ferroelec-
tric materials often requires high-temperature processing, which is not compatible with the
standard methods used in silicon chip fabrication [53].

Despite these challenges, our model offers a very promising idea. We show that Ising-type
SOC can naturally emerge at 90° charged domain walls in tetragonal BaTiO3. This means
we can, in principle, control spin orientations and spin—orbit torques just by applying elec-
tric fields — without needing any magnetic fields. If researchers can improve the ability to
create, stabilize, and read out these domain walls reliably, our model could be the founda-
tion for a new type of low-power, reconfigurable spintronic device that uses both spin and
charge.

In short, while it may take time and further experimental work to overcome the remaining

barriers, the direction is clear — and the possibilities are very exciting.



Chapter 4

Conclusions

This thesis explored the fundamental electronic and spin properties of a 2DEG confined at

a 90° head-to-head CDW in tetragonal ferroelectric BaTiO3. Our key question was,

What is the effect of polarization on the band structure at a charged domain wall

in ferroelectrics?

Our model is motivated by [48], who investigated SOC at LaAlO3/SrTiOs (LAO/STO)
interfaces and SrTiO3 (STO) surfaces using DFT calculations combined with a symmetry-
constrained TB model. In our study, we focused on understanding the consequences of
symmetry breaking, particularly inversion and time-reversal symmetry, on the emergence
of SOC phenomena at such nanoscale features.

The symmetries of the system played a crucial role in constraining the form of the Hamil-
tonian. These constraints enabled a systematic simplification of the orbital-resolved tight-
binding Hamiltonian. Particularly, several matrix elements became zero due to symmetry
restrictions, reducing the complexity of the model.

We focused on the ty, orbitals (duy, dy-, d.), which are known to dominate the conduction
band minimum in perovskite oxides. The Hamiltonian we derived included diagonal on-site
energy terms and off-diagonal hopping terms. The diagonal terms describe orbital-resolved
band energies, while the off-diagonal terms capture orbital mixing arising from inversion

symmetry breaking at the domain wall. These orbital mixing terms are the source of SOC
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in our model. After constructing the final form of the TB Hamiltonian, we identified sev-
eral coupling terms whose numerical values for BaTiOg were not previously reported in the
literature. To address this, we performed DFT calculations and compared the resulting
band structures with those obtained from our TB model. Using a curve-fitting approach,
we extracted approximate values for some of the unknown parameters. However, due to the
large number of undetermined terms and the complexity of the model, it was not feasible
to determine all values precisely. Instead, we adopted a strategy of estimating reasonable
values for selected terms in order to qualitatively explore their influence on the band struc-
ture. This allowed us to gain insight into the role of various couplings, particularly those
related to spin-orbit interactions and symmetry breaking—in shaping the electronic and
spin textures of the system.

The inclusion of SOC had a significant impact on the band structure. In the absence of SOC,
the bands exhibited the threefold degeneracy characteristic of bulk to, orbitals. The intro-
duction of ASOC, primarily helped to lift orbital degeneracies and avoid band crossings.
When SOC arising from inversion symmetry breaking at the interface was included, we ob-
served a clear spin splitting of the bands, lifting their degeneracy and resulting in six distinct
spin-polarized bands. Together, SOC and ASOC captured the essential physics of spin-split
states in low-symmetry environments, consistent with the emergence of momentum-locked
spin textures.

One of the most novel findings of this study is the emergence of Ising-type spin—orbit cou-
pling at the domain wall. The spin texture analysis revealed that only a single component
of spin survives throughout the Brillouin zone, with spins pinned predominantly out of
plane. This behavior is a hallmark of Ising type SOC, distinct from conventional Rashba or
Dresselhaus types. The result not only highlights a unique physical regime enabled by fer-
roelectric domain wall engineering but also indicates the potential for robust spin-polarized
transport in these systems.

Our results suggest that the momentum-locked spin textures induced by Ising-type SOC
could enable phenomena such as the Edelstein effect, where an applied electric field shifts
the Fermi surface, resulting in a net spin polarization. This mechanism highlights the poten-

tial utility of our findings for spintronic applications, particularly in realizing non-volatile,
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low-power devices with electrically reconfigurable spin control.

While our model successfully captures the key physics of spin and orbital behavior near
CDWs, it makes a simplification by not explicitly including the finite width of the domain
wall. In our approach, we effectively considered only the lowest energy subband (corre-
sponding to the first quantum state, n = 1) that arises from confinement across the domain
wall. Since the Fermi level lies within this lowest subband, the energy spacing between
higher subbands—determined by the width of the domain wall, does not significantly affect
the results. However, if the Fermi level were higher and intersected additional subbands
(such as n = 2 or n = 3), the domain wall width would become important, as it controls
the separation between these energy levels. Thus, although the domain wall width does not
play a major role in our current model, incorporating it will be essential for future studies
that aim to explore higher carrier concentrations or more realistic conditions.

Second, the values of the off-diagonal coupling terms used to model orbital mixing were
approximate, based on physical intuition and symmetry considerations. While sufficient to
demonstrate qualitative effects of SOC, the precise magnitude of these terms remains an
open question. More accurate extraction of these couplings can provide deeper insight into
the quantitative aspects of spin—orbit engineering.

In conclusion, this thesis presents a powerful model to capture the essence of SOC in fer-
roelectric domain wall systems. The emergence of Ising-type SOC at CDW in BaTiOs3
demonstrates how ferroelectricity and orbital physics can be integrated to engineer novel
spin functionalities. As research continues to bridge theoretical modeling with experimen-
tal realization, such systems offer a promising platform for future quantum and spintronic
technologies.

Open Questions for Future Research While this study provides key insights into spin-
orbit coupling at charged domain walls, some key research questions remain open for future
exploration: How do finite width and wall profile affect spin-orbit coupling (SOC) and spin
splitting in these systems? Can inversion-induced SOC parameters be accurately quantified
through first-principles Wannier models? What is the actual magnitude of spin polarization
when electric fields are applied? Finally, are there other materials or domain wall geometries

that might be better suited for achieving robust Ising spin-orbit coupling effects?
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